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Abstract
We present and follow the method of Optimal Orlicz
domains in Sobolev embeddings into Marcinkiewicz spaces

[20] for determining whether there exists a largest Orlicz L* ()
LA(Q) satisfying the Sobolev embedding W™LA()) < Y (Q)
WmLA(Q) < V()

whereY ()Y (1) stands for an arbitrary so-called

Marcinkiewicz endpoint space. The tool developed enables us
to investigate the optimality of Orlicz domain spaces in Sobolev

embeddings and also in Sobolev trace embeddings on domains ()
Qin RZ*9RE+) with various regularity.
Keywords: Optimal Orlicz domains , Sobolev embedding ,

Orlicz space , Marcinkiewicz
Spaces
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1. Introduction and main results

For a given Banach function space Y ()Y (), we study the
question whether there exists an optimal(i.e. largest) Orlicz

space L4(Q)LA(Q) satisfying the embedding W™LA()) < Y (Q),
WmLA(Q) < Y(Q), where Q0 stands for a bounded domain in
Re* e > —2R?*9 e > —2and W™LAQW™LA(Q) s
an Orlicz-Sobolev space. By optimality we mean that the space
LA(Q)LA(Y) cannot be replaced by any strictly bigger Orlicz
space, i.e., every embedding of an Orlicz-Sobolev space to Y ({1)
Y(Q) factorizes through the space W™LA(Q)W™LA(().

In general setting of rearrangement-invariant (r.1.) Banach function
spaces, such questions were investigated using the method of
reducing the Sobolev embeddings to the boundedness of an

appropriate modification of the weighted Hardy operator.In the
setting of r.i. spaces, the optimal domain and the optimal target
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spaces are then explicitly described ( see [10,11,16,17]).
However, for certain specific applications such as to the solution
of partial differential equastions, it is often useful to investigate
the optimality of spaces in Sobolev-type embeddings restricted to
the context of Orlicz spaces. This creates a difficult and important
problem that has been studied by several authors( see e.g. [3-
6,8,10,12,13]). In particular, the situation is significantly different
than in the broader sense of r.i. spaces.

Consider, for instance, the well-known classical Sobolev
embedding

WiLe(Q) & LA (Q W (Q) & LT+ (),
where D<e<2e0 <e<2¢ (l+e) = (—252:3”1)

(1+¢€) = (@)and Q0 has a Lipschitz boundary.Both

the spaces L**<(Q)L**=(() and L9 (L9 (Q) that appear
in this embedding are clearly optimal in the context of Lebesgue
spaces, the former as the domain and the latter as the range.
It turns out that they are optimal even in the broader context of
Orlicz spaces, but that is a deeper observation and more difficult

to prove. The optimality of the range space L2+ (QL1+9)" ()
follows from a general result of A.Cianchi [3].On the other hand,

the optimality of the domain space L1*<(Q)L1*€(()) has not been
known so far and will follow from our more general statement
below (Example 5.2)).

In the limiting case when € = Oe = 0, the situation is different

and more interesting, First, if we fix the domain space L**<(()),

1+E

L?*=(()), then there is no optimal range Lebesgue space L« ({1)

1+E 1+E

L« (Q)) that would render the embedding WLt *2€(Q) & L« (),
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1+€
WILtt2e(Q) & L« (), true, because it holds for every € < oo,
€ < o0, but not for € = oo.e = oo, This discrepancy was remedied
in the 1960s by a clever use of special Orlicz spaces of an
exponential type. In particular, by now classic results of N.S.
Trudinger,S.I.Pokhozhaev, and V.I.Yudovich (see[25,27]), one has

W1L1+z.«_=(ﬁ] S exp L[1+EE}" (ﬂ)JW1L1+EE(ﬂ] S exp L(1+EE};(ﬁ]J

1+2¢ 1+2¢

where (1 + 2¢)' = - (14+2¢e) = — Now, both the domain

space L1*2€(Q)L1*2€(Q) and the range space exp L1+29'(Q)

exp 12+29° () are Orlicz spaces, and therefore we may ask,
again, about their optimality. It turns out that, while the target
space is the optimal (that means smallest) Orlicz space that
renders this Sobolev embedding true (this was originally proved
by J.A.Hempel ,G.R. Morris and N.S.Trudinger in [13]and it also
follows from a general result of A.Cianchi [3], the domain space is
not.Rather surprisingly, it can even be shown that such an optimal
Orlicz domain space does not exist at all. More precisely, given an

Orlicz space LA(Q)LA(Q) such that WIA(Q) & exp L2+29 ()
WIIA(Q) < exp LY +2¢)' (), there always exists another Orlicz
space LB(Q),L5(Q), strictly bigger than L4(Q)L4()) such that

W1LB(Q) o exp L1429 (Q)WLLE(Q) & exp L2+29'(Q). This
result was shown in [23].

It is clear from the examples that even the very existence of
an optimal Orlicz partner (either range or domain) is highly
nontrivial and very interesting. However, the question of existence
(and, possibly, characterization) of an optimal Orlicz domain
partner, is of interest also in a more general situation when
the given target space is not necessarily an Orlicz space. For
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instance, one has the embedding W1I*5() & L( )’”E[ﬁ],

1+ey*
Wirt+e(Q) - L) 1) (see e.g[14, 19-22]) in which the
target space is a usual two-parameter Lorentz space. Moreover,

it is known that L+ 1+(Q)L1+"1+€() i5 the optimal r.i.
range space in this embedding and the space L1*€(Q)L**<(Q) is
the optimal r.i. domain space(see [11] or [10]). Therefore, L1*< ()

L**=(Q) is automatically also the optimal Orlicz space in this
embedding.

On the other hand, when we start with the space L= (€1)L= ({1) at the
position of this range space,then, again, as A.Cianchi and L.Pick
showed in [7], an optimal Orlicz space does not exist at all. This
situation resembles the above-mentioned embedding in which the

target was the space exp L™ +2¢)' () exp L1 +28)' (). Apart from
these two very particular cases the question of the existence of an
optimal Orlicz space has been open.

The general question of optimality among the Orlicz spaces has
already been studied (see [3,4,8-10,12]) however, all those papers
focus on the optimality of target spaces.In the case of range ,it
turns out the answer is always affirmative, and, furthermore, an
explicit description of the optimal Orlicz space is available.The
situation is however dramatically different when the target space is
fixed and the optimality of the domain space is in question.
Optimal Orliczdomains in Sobolev embeddings into Marcinkiewicz
spaces [20] study this question in the special case when the target
space is chosen from the class of the so-called Marcinkiewicz
endpoint spaces. This is not as restrictive as it may seem since
the most customary cases including those given by the previous
examples are covered .

An 1mportant ingredient of our approach is the use of known
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reduction theorems (see [10, Theorems 6.1 and 6.4]) and [9,
Theoerm 1.3]. This method will enable us to circumvent working
with Sobolev spaces to consider instead the boundedness of
operator

Hllf,_fzjj-(l—ej ::J Z}}(l—e](l—f)‘fd(l—e), 0<e<l,
] 1+e

in one dimension. Here D<e<ll=se<m,

1 1 . .
D<e<l0=e<o, and € = € = E .Then, by using various

special cases of (1—¢€)(1—e)and (1+ €)(1+ e)we obtain
applications not only to Sobolev embeddings but also to the trace
Sobolev embeddings of different orders and on various domains in

RI*2€R1*2€ at once.

Now we are in a position to state our main result which gives a
complete characterization of when the optimal Orlicz domain
exists, and also its explicit description. Simply put, to a given

Marcinkiewicz endpoint space M(€)) M(l) we construct an

“optimal Orlicz candidate L% (Q) L? (1) interms ofthe fundamental
function. We exploit the fact that to a given fundamental function
there always exists a uniquely defined Orlicz space. Next, we test

whether the embedding W™LE(Q)) & M(QW™LE(Q) - M(0)

holds. If so, then we show that LB (Q))LZ (1) is the optimal Orlicz
domain.Otherwise,we can prove that an optimal Orlicz domain
does not exist at all. The general result reads as follows (see [20]).

Theorem A Let0=e<1,e=200=e<1,e=0

, €= %E = %and letM(0,1)M(0,1) be a Marcinkiewicz

endpoint  space  with a  fundamental  functiongg
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satisfying SuPocees @ (1 — ) ) (- ) F = o

SUPpee<1 @ ([1 - E)l_‘ts) (1—€)™ = oo,

Let X(0,1)X(0,1) be the Ilargest ri. space satisfying
Hi*¢:=X(0,1) - M(0,1)H}*s:= X(0,1) - M(0,1). Denote
by LE(Q)LF(Q) the Orlicz space having the same fundamental

function as the space X(0,1).X(0,1).Then the following statements
are equivalent.

(i)  There exists a largest Orlicz space L*(Q)L4(Q) satisfying
the relation H{¥5:L4(0,1) — M(0,1); H{*£:L#(0,1) — M(0,1);
iy HEELP01) » MODHEELE(0,1) > M(O,1);

iy L2010 SX(0,1L°(0,1) < X(0,1);

i) A—=€:LF(01) = I°(0,1),

(1—€),_.:L5(0,1) — LB(0,1), where

(1—e),_(1—€),_. is the operator given by
Y((A-e)f)d-e)=(1-e)" sup,. 2 2(1 - ) f (1 —e),
Y((A-e)yof;)(1—€):=(1—e)Fsup,__ aZ-a7f(1-e),

0<e<1;

(v)  there exists some e=0e=0 such that

2+ Bl1-¢) Ble®+3e+2)
J; —(—; d(l—e) s ————,
(1-e) € (Z2+e)e
J-z+r.- E[l—i}ﬂ d(l— ){: Ble® +3}E__+J-E},
+E

0 < E < ®,0<e<om, Moreover if BB satisfies the A,A,
condition, then each of the conditions(i)-(v) is equivalent to the
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following statement:

(vi) there exists some e=0e=0 such

B(24e)

-1
By (I tHe)e

that lim,____., sup

B(2+€)
Ble?+3e+2)
Note that the condition on ¢ causes no loss of generality, since

otherwise

HI*S:1*(0,1) - M(0,1).H{*5:L*(0,1) — M(0,1). The details
are discussed in Remark 3.7.

The proof of Theorem A relies on the next result of independent
interest, which provides us with a reduction theorem for Orlicz
and Marcinkiewicz spaces (see [20]).

lim,___. sup < (1+ E)__E

Theorem B Let 0=e< l,Eéiﬂi:E{i l,Eziand let
L4(0,1)L#(0,1) be an Orlicz space with a Young function A
A and M(0,1)M(0,1)be a Marcinkiewicz endpoint space with a

fundamental  function ¢ gsatisfying

SUPpwe=q @ ([2 + E)m) (1—€)F = oo,

SUP35ex1 @ ((2 + E}iﬁ) (1—€)"=o. Then the relation
H{Z:14(0,1) — M(0,1)H;*:14(0,1) — M(0,1) holds if and
only if there exists € > 0C >0 such that

jﬁ A(l__[if}d(l—fjEB(C(ZJrf), 0<e<oo,
1 (1—e) « (24+¢€)e

where B B is a Young function described in Theorem A and A

Aand BB are complementary Young functions to AA and BB
respectively.
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Our final principal result describes the fundamental function of the
optimal r.i. domain space (see [20]).

Theorem ClD=e< 1,1’.—'2%. 0=e< 1,EE§.Suppose
that M(0,1)M(0,1) is the Marcinkiewicz endpoint space with a
fundamental function ¢ @. Then the fundamental function @y
@y of the largest r.i. space X(0,1)X(0,1)having the property
H{*£:X(0,1) - M(0,1)H{*::X(0,1) - M(0,1)  satisfies

¢hﬂ—fkrﬂ—f)mp@(U—Eﬁ%)ﬂ—erﬂ 0<e<l.

D=e<1

The paper is structured as follows. In Section 2 we collect all
the necessary basic background material. In Section 3 we prove
Theorem B and Theorem C. In Section 4 we prove Theorem A.
Finally, Section 5 contains various applications and examples of
the main result.

2. Function spaces

ByAsBA=Band A= BA = B wemeanthat A < (CBA < (B
and A = CBA = CB, respectively, where CC is a positive constant
independent of the appropriate quantites involved in A A and B
B.We shall writeA = BA = B when both of the estimates A < B

A < Band A = BA = B are satisfied. We shall use the convention
um=0E=0&m=0E=nmmf=ni=u

When XX and YV are Banach spaces, we say that XX is embedded
into YY, and write X @YX oV, if X©SYX SV and there
exists a positive constant CC, such that "Ef’f}"r = CE",G"X

"Ejﬂ'"y = CE"}}"Xfor every f; € X.f; € X. We say that a linear
operator TT defined on XX with values in YV is bounded if there
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exists a constant € > 0C > 0 such that "Ejf}"}, = CZ",G"X

IZ; 5, = CE[|S I, for every f; € Xf; € X. We write T: X — ¥
T:X — Y in this case.

We say that a function G:[0,00) — (0,90)G:[0,00) — (0,c0)
satisfies the A,A, condition at infinity if there exist € > —1
€>—1andT =0T = 0suchthat G(4+2e)< (1 +€)G(2+€)
G(4+2e)=(1+e)G(2+¢€) for every 24+ €e=T24+€=T.
We will use only A, A, condition at infinity, hence we shall shortly
say A, A, condition and write G € A,.G € A,.

For a nonnegative functions f;f; we shall write fuz f; <o

fuz f; <o when there exists some ¢ > Oc > 0 such that the

integral f;z ,Gfucz f; converges. By integral we always mean the
Lebesgue integral.

2.1 Rearrangement-invariant spaces

We recall definitions and some basic facts concerning the
rearrangement-invariant spaces, which we will need in the
following text. We shall not prove well-known results, all proofs
and futher details can be found in C. Bennett and R.Sharpley [1].

Suppose 00 is a domain in R2*29 R1+29) et M(Q)M(Q) be
a class of real-valued measurable functions on Q) and M * ()
M*(Q) the class of nonnegative functions in M (€)).M (0).
Given f; € Mf; € M we define its nonincreasing rearrangement
on (0,|])(0,]|Q]) as

Z,:j.*u +e)=if{A>0us; D<1+e}, 0=e<lql,
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where Uy ¢ 13 ¢, 1s the distribution function of f; f;, i.e.,
usy, @)= |{xe Q,Z|,:;.(x)| >a].2>0,

where the |-| || s$tands for the Lebesgue measure. The

Hardy average f:,—“ f:,—“ is defined on (0,|]QD(0,|Q2]) as
LA+ =—f,Lf (1-edl-e), 0<e<|ql.

T (A+e= if:”z fr(l—ed(l—e), 0=e<|Ql
Let f;,g; € M*(Q).f;,g; € M (). Then we have the Hardy-
Littlewood inequality

0l
jz,g(xjgj(xjdxgj Z,g*(1+ejg;(1+e)d(1+ej.
[} 0

When E € OF € () is measurable, we denote by yz¥z the
characteristic function of EE. A simple function is afinite sum
24 XE_,-,E i XE;, where 4; # 04; # 0 is a real number and
E; € QF; © Q has finite measure for every index jj.
DenotebyIItheinterval(0,1).(0,1).Amapping p: M *(I) — [0, 0]
p: M*(I) = [0,00] is called a rearrangement-invariant (r.i.)
Banach function norm on M *(I)M *(I) if for all

fir 95 fas2e(1+ 26 € N) in M (D),
[ G fas20(1+2e € N)in M*(I), for all constants a =0

a = 0 and for every measurable subset E E of I I, the following
properties hold:

(P1) p(f)=0ef=0p(f)=0of=0 a.e.;
plaf) = ap(f;); (f; + ;) = p(f;) +(9;);
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p(af;) = ap(f;); p(f; + ;) = p(f;) + p(g;);

(P2) 0<f <g,0<f <g; ae implies p(f;)=<p(g;);
p(f;) = p(g;);

(P3) 0<fu+20 1,0 = fas20 1F; a.c. implies
p(firsza) T o(f)io(fasza) T o(f);

(P4) p(x;) < oo;p(x;) < oo;

(PS) [ Zf, ) dx = p(f):f, Tf; 0 dx = p(f);

P6) p(f;) = p(f)o(f;) = p(f):

The associate norm of an r.i. norm pp is another such norm p'p’
defined as

Plg)= sup j Y g,(+Of 1+ d(1+e)f,g, €MD)

p(f;
It obeys the principle of Duality; that is p" == (p')" = p.
pn' — (p:]: = p.

Furthermore, the Holder inequality
1 r
L2 A+eg+edd+ep(f)e'(g;)

[3f A +eg,+ed+ep(f)e (g,)holds for every
f,9; € M*(D.f;, g, € M*(D).

Given the r.i. norm p,p, the corresponding rearrangement-invariant
Banach function space or, for short, r.1. space, is the collection

L, () = {f, € 3D, p(I5 ) < =)
L.(D={f e M, p(|f]) < olendowed with the norm
DIl o =pUsD.  feL,m

2023 pliy- 1444 831l saloa -Jgdll aazll - axdplaill ilulyall 4oLl dlao m




Dr.Isam Eldin Ishag Idris - Dr. Aisha Yousif Mustafa

Next, given a bounded domain Q) and Ra+2¢) Rl+2e) o define
the r.1. space

L,(Q) = {,g. € M(Q),p (Z;}*((l + e)|n|)) < m}

with X|f] =p(Xf(A+elal), f €L,(.

Ly
S5, = p(E5 (A +OIA)), €L,
If p,p, and p,p, are two ri. norms, then L, () S L, (Q)
L, () <L, (Qimplies L, (0) < L, (DL, (O) < L, (Q). Let

@ @ be nonnegative function defined on the interval [0,c0) [0,00)
CIf

i) ¢A+e)=09(l+e)=0iff e=—le=—1,
(i1) @(1+ €)p(1l + €) is nondecreasing on (0,o0)(0,o0),

Mis nonincreasing on (0,c0)(0,0),
111) 1+e 1+e
then g @ is said to be quasiconcave. We also say that a function
@¢ defined on bounded interval [0,R],[0,R],for R € (0,c0)
R € (0,00), is quasiconcave if the continuation by constant value
@(R)@(R) is quasiconcave on [0,20)[0,00).

The fundamental function of an r.i. norm p p on M *(I)M * (1) is
defined by

(1 +6)=p(Xo1+0) 1+e€1g,(0)=0.

The fundamental function is quasiconcave on [0,1)

[0,1), continuous except perhaps at the origin and

satisfies p,(1+e)py(1+e)=1+¢ 1+e€l

p,(1+e)py(1+e)=1+¢ 1+e€l
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Quasiconcave functions need not be concave, however, every
r.1. space can be equivalently renormed so that its fundamental

function is concave. Let @ be a concave function. We define the

Lorentz endpoint space A, () A,(Q) by the function norm
o, (1) = [ 5+, 4), €MD),

where d, d, stands for the Lebesgue-Stieltjes measure associated
with @.¢. We define the Marcinkiewicz endpoint space M,,(€2)

M, (Q) by the function norm
pu,(f;) = sup fr(l+e)p+e), f€M*().

—1<e<0

The endpoint spaces A, (A, (1) and M, (DM, (1) arer.i. spaces
with the fundamental function @.¢. If X(Q) X(Q) is an r.i. space
with the fundamental function ¢,¢, then A,(Q) = X < M, ().
A,() = X = M, (Q).

In other words, A, (DA ,(Q) and M, ()M, (Q) are respectively
the smallest and the largest r.i. spaces having the fundamental
function equivalent to . ¢. The associate space of a Lorentz
endpoint space A, /A, is the Marcinkiewicz endpoint space My, My,
whereboth @@ andynpareconcaveand (1 +e)(l+e)=1+¢
w(l+e)P(l+e)=1+€e onll. If |Q] <ol < oo,
then for every ri. space X(Q)L*(Q) o X(O)o L(Q).
X(OOL=() = X(Q) < L.

Assume either 0 =e<=owl <e<ow . The Lorentz space
[re1r2e) () 1+e1+26) () s defined by the functional

2023 pliy- 1444 831l saloa -Jgdll aazll - axdplaill ilulyall 4oLl dlao m




Dr.Isam Eldin Ishag Idris - Dr. Aisha Yousif Mustafa

P1+e1426) (}3) = Pl1426) ((1 + E)ZEZHE“EU + E)), = M=),

Pl1+e1+26) (ﬂ) = P(1+26) ((1 + E]ZEZHE“,G*U + E)):ﬂ- € M*(I),

where
1

1 1+2¢
(1+e) " d(1+e , 0<e< oo,
P{1+ze}(fr'): (ju Zﬁ( ) ( ))
ess sup f;(1+e), =10,

—1=<e=0

Stands for the Banach function norm of the Lebesgue space

LY*=(0).L***(Q).The functional p(y 4 2¢.1+€) P(142¢.14¢) iSaBanach

function norm if and only if 0 < € < 10 < € < 1. However, for

0 <€e<9,p(1426146)0 <E <0, P(1420146) can
be equivalently replaced by Banach function norm

Pl1+2e1+€) U}) = P1+e) ((1 + EJZEZﬂEﬂf}“ (1+ E])

P1+2e1+€) (f_-;) = P1+e) ((1 + E)ZEZHEﬂ,ﬂ-‘* (1+ E])

The fundamental function of the norm pisc116) Plasze11e)
satisfies

q0:'17'li1+zs,1+|s}' (1 + E) = (1 + E:}mf 0<e<l

ql!:'F-"Iiu.+2||.=,u.+r='}' [:1 + EJ = (1 + EJH! 0<e<L

Thespaces [(+2e1) (ﬁ:}L{1+EE,1} () and [(1+2ze) (ﬂ:}L{1+EE,m} (Q)
are equal to the Lorentz and Marcinkiewicz endpoint spaces A, ()
A, (Wand M, (M, (Q), respectively, with
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o(1+6)=(1+e)mmp(l+e) = (1+e)mm If the first
parameter is fixed, then the Lorentz spaces are nested, i.e., we have

L[1+E_.1+E} (ﬂ] [ L[1+E,1+2.E} (ﬁjL[1+E_.1+E} (ﬂ:} 3 L[1+E,1+1'-'.E]' (ﬂ:}

whenever 0 <e<o0,0 <€ < oo,

2.2.0rlicz spaces

We also need to know defenitions and all the basic facts about
Young functions and Orlicz Spaces. All of these can be found
for instanc in the book by L. Pick, A. Kufner, O. John and S.
Fucik [24].We shall say that A is a Young function if there

exists a function a:[0,0) — [0,00)a:[0,00) = [0,22) such

that Al+e)=["

0
A(l+e) = quEa(l —e)d(l—€), —1<e<om,

and a a has the following properties:

(i) a(l—e)>0a(l—e)=0 for e>1, a(0)=0;
e>1, a(0)=0;

(i) aa is right-continuous;

a(l—e)d(l—e€), —1<=e< oo,

(i) @ais nondecreasing;
iv) lim,___..a(l —¢e)=oolim,___._a(l —¢€)=oo.

very Young function is  continuous, nonnegative,
strictly increasing, convex on [0,00)[0,20)  and

All+e) ..

satisfies lim +—— = lim i
1+&—0 1+e 1+e—wo A[1+E:|'

1+¢

. Al1+e) .
lim,, o+ . = lim
Furthermore, one has
A(e?+2e+ D= (1+e)A(1+€), 0= e = —1,

Ale?+2e+1)=(1+e)A(1+€),0=€e=—-1, a n d

1+¢ .
1+e=2 4(146)
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A(e?+2e+ 1) = (1+e)A(1+€),0 < € < oo, e=—1.

Moreover AUre)alire) is increasing on (1,o0)(1,o0) and we have

. 1+¢ 1+¢
the estimates
A(l+e)=a(l+e)(l+e)=24A(1+€),-1<e< o,
For a Young function AA and a domain 0 € RO+2¢) g c RO+2e)
the Orlicz space L* = L4(Q)L* = LA(Q) is the collection of all

functionsf; € M(Q)f; € M(Q) for which there exists a 1 >0

A>0 such thatf A (E@) dx < .| A (E@) dx < oo,

The Orlicz space L*(Q) L#(Q)) is endowed with the Luxemburg
norm

E fil| =inf 13"0,] A E—l'f}(ﬂl dx <1¢.
- 0 - A
I A I

The complementary function A4 is a Young function AA is given
by

A(l+e) =sup.,((1—€e?)—A(1—¢)), —1=€ <o,
A(l+e) =sup.,((1—€)—A(l—¢)), —1<e <o,
The complementary function A4 is a Young function as well
and the complementary function of A4 is once more AA. For any

Young function AA and its complementary function AA there is
the relation
14 e<A M (14+)A M (1+e)=2(l4+e),-1<e <

14 e<A 1 (14+)A M (14+e)=2(14+€),—1 <€ < oo
With the help of the complementary function we can define an
alternative Orlicz norm on an Orlicz space by
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DA ==y | Yl@glar
PR | i

where the supremum is taken over all functions g; € M (Q)
g, EM (1) such that

J,ZA (gj(x]) dx=1.[ XA (gj(x]) dx < 1.The Luxemburg
and Orlicz norms are equivalent, namely,

DAl =DMl =2 ) M1l
7ol T ;

When LA(Q)LA(Q) is an Orlicz space endowed with the

Luxemburg norm, then the associate space LA (Q)LA(Q) with the
Orlicz norm. In particular, the sharp Holder inequality for Orlicz

spaces has the form [, 2|f; (0 g;(0)|dx < E",G"LA E”ﬂ”(b;i)

2l 0g = 25 25
The Orliczspaces L4 (L4 (isanr.i. spaceand || yg|[ 4 = A_i;(l]

1=
xella = A_i% for every measurable E € QFE < () of positive

measure, thus, 6 a bounded domain 01,0, the fundamental function
for the Luxemburg norm is

1
@LA(1+E)=—1, 1+e€l, ¢@4(0)=0.
4~ (7a)

|2

An Orlicz space LA(I)LA(I) with fundamental function @¢
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coincides with the Marcinkiewicz endpoint space M, (IDM,, (I) if
and only if there exists & € (0,1)é € (0,1) such that

fIA (6A‘1 (ﬁle)) d(l+e) <o (2.1)

(see also [18]).

For |Q1] < o0,|Q}] < oo, the inclusion relation between Orlicz
spaces is governed by inequalities involving the corresponding

Young functions.If AA and BB are Young functions then
LA(0) & LF(Q)LA(Q) & LE(Q) if and only if there exist ¢ > 0
c>0and T = 0T = 0 such that

B(l+e)<A(c(1+¢€), 1+e=T,
B(l+e)< A(c[l + E)), 1+ € =T, which we denote by B < A
B<Aor A=BA>=B. If both A<BA<B and A=BA>=HB
hold, we say thatddand BB are equivalent and write 4 =~ B.
A~ B. When |Q] < o0,|Q] < oo, the inclusion L*(Q)) S LF(Q)

L4 () € LB () isproperifand onlyif lim, ... supﬂaillif}] =0

B(1+e)
Ala+e))
for every A = 0. 4 = 0. In such case we write B << AB << A or

A==BA==B. IfA=<=BA=<Bord<=<BA=<=<B8

thend > BA > B or A == B A == B, respectively.
3.Proofs of Theorems B and C.

lim, ... sup

Lemma 3.1. Let A4 be a Young function and let £& be a nonzero
real number. Assuming
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JA(I —e)(1- e]%‘ld(l —e) <o, (3.1)

we define

E:(1+€)= |§|-1(1+.;)“§JA(1— )1 —Ef‘ld(l —¢), —1<e<om,

]

such E¢ Er is an increasing mapping of (0,20)(0,0)onto itself.

Moreover, if R € (0,00], R € (0,02], then the following relations
hold.

"(1 + E)EX[U,EI}(]' + EJ ||LA{I],R} =

= ae(OR),E>0,  (32)
5 (3)
£ \a
I
1
-1
E (E)
If, in addition, € € (0,R)e € (0,R) and if & < 0& < 0 then
I+ a1+ )| g 2 [+ He 1+ 6] oy, @ € (OR—€).34)

1A+ @ A+ 6| a .y = ,a € (0,00, <0. (3.3)

1#(0.R)
Proof. Assume (3.1). By change of variables 1 — € — (1 — €?)
1—e+— (1—€?) we have

Ex(l+¢€)= |.§|—1J A(1-€e))(1- E)%_ld(l —€), —l<e<o,

0

hence E¢ E¢ is increasing. By definition of the Luxemburg norm,
we have

. ¢ ((+e)
"(1+E]EX[DJQ}(1+E]||LA{&R}=lnf[ﬂ} G,f A( — |di+e <1y
0

Next, by change of variables we get for & << 0 < 0
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”(I-I-E)EXM) l+e¢ ||

LA (0.R)
1 g

. X7 1,
=1nfﬂ)0,?f All-e)(l-€)f d(l+e)=1
0

B A P
=1n },GEI_—E_I—G).
¢ \a

This proves the part (3.2).The proof of the relation (3.3) can be
done in an analogous way and we omit it. It remains to prove the
(3.4). Clearly,

|| (14¢€) f;[f(m}(HE)"
+E)||

by the monotonicity of the norm. On the
other hand, we have by the triangle inequality

|| (14¢€) X(am}(l-l-f]"A _||(1+E)EXH}(1+E || +||(1+E)'fm}m)(l+
14(0,00)

> ||(1 +e) Yen L+ E)"LA(M} = ||(1 +e) Yer (L

LA (0,e0)

A(0.8)

Alor)
)”L"'(ﬂco}
[0+ ¥ piae (14 6,y < N+ O paa L+ | s 1+ e (14

E)”L“'(ﬂ,m}.

Using (3.3), the term ||(1 + €)% Yre) (1 + E)”LA[H )

r* RS )
||(1 + E)‘f;{mm}[l + E}”LA[W} equals [Ty, () Since &< 0.

& < 0. Thanks to the assumptions, this quarftity is finite, say
(14+€)(1+€). The term

Q@+ X (1 +O)|ag A+ O Xam X+

1S
IA(0.R)
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a decreasing function of the variable aa, positive on (0,R)(0,R)
and vanishing at RR. Hence for every
€ € (0,R)e € (0, R)there exists a constant C €

such that1 + € < C"(l + E)‘EX(QJR}(l + E]"

4(0.r)
l+e= t‘_'.'"[l + E]"rx(mﬁ}(l + E)"LA[H,R}’ a € (0,R—e).

a € (0,R—€).For those aa we conclude that
|1+ ) Ko 1+ )| agy oy = €+ D1+ xm (1 +6))

4(0,R).

Lemma3.2.let0=e<1l,e=1,¢ Eiﬂie«::: l,e=1,¢ E%

and let ¢ ¢ be a quasiconcave function on (0,1).(0,1). We define
P(1+6) =146 sup g1 —¢€)(1—e)"*9 0 < e < 1,9(0) = 0.
1

E}E}ﬂ

Then @(l1+e)p(l+e€) and @ ([1 + E)ﬁ) (14 ¢)1-9

@ ((1 + E}E) (1+e)*¢  are quasiconcave.
Proof. Since @ 1s nondecreasing , we have for every 0 < € < 1,

0<e<1,
P(1—¢€) = (1-e)1* sup (1 + 2¢)
1

D{E{E

= (1—g)ltee) sup ¢(1+ 2¢) sup (1—¢) el
1

Qege= max{1+2r_=,1—f}{1—f{1
2

=(1- E)—E(HE} sup (0(1 +2¢) min[(l _ EJ—E(1+E:}] (1+ 2(__.)—5(1+f}}
1

U{E{E
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1 — € —E(1+E}

- 1+ 2€) mi

B————
D{E{E

hence @ @ is nondecreasing. Next, by definition, we have

p(l—¢
pl-¢) (1—€)*9-1 qup g(1—€)(1- €)1 0 <e < Lo(l+2¢)
1

1-¢
E}E}ﬂ

The function (1 — €)& *e=1(1 — ¢)=e"+e-1) i nonincreasing
since the exponent (e — e + 1 )(e? — € + 1 )is nonnegative by

the assumptions of the lemma. Hence gu-cgl-o isnonincreasing

1-¢ 1-€

on (0,1).(0,1). The function ¢ ((1 — E]ﬁ) (1—e)t—

1
6((1—E]E) (1—€)*° is increasing as a composition of
nondecreasing functions multiplied by increasing function

(1+6) 9 (1+6)% 9. Next the expression
1
3 -om) -
1—¢

1
= sup (o((l - E)E) 1-6)"9 0<e<1,
1

E}E}ﬂ

is nonincreasing. The rest is trivial.
Lemma 3.3. Let uu be a quasiconcave, right continuous at
origin and Sstrictly increasing function on [0,1) [0,1) such that

u(l +E} u(l +E} .

= 0.lim =
1+ 1+e—0 1+

Then there exists a Young function BB such that

limy o+

the  fundamental  function of the  Orlicz  space
L5(0,1)L5(0,1) is equivalent to wuwuon [0,1)[0,1)
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Moreover B 1(1+E)""’(1+E]u( ) D<e<om,

B (l+¢e) =~ (1+E)u( ) D<e<om,
where B B is the complementary Young function to BB.
Proof. We can assume without loss of generality that u(1) = 1.
u(1) = 1. Then by continuity of uu we have u(0,1) = (0,1).
u(0,1) = (0,1). Let usldeﬁne
b(1+€) =41+ eu? (
1—¢€,

0 < e <o,

Ve

a n d B(1+ej_f1”b(1+ejd(1+e) —l<e<o

B(1+e)= [ “b(l1+e)d(l+e), —l<e<om.
We claim that BB is a Young function.The properties (i) and (i)
from the definition of Young function are clear. Let us prove that b

uf1—e) u(1-¢) .

1-¢ 1-¢

b is nondecreasing.The function

is nonincreasing and

1+e 1+
ul{1-¢e) ut(1-€)

uu itself is increasing, hence
and therefore

1S nonincreasing

1

nondecreasmg on (1 o)(1,o0) and also (tr1v1aJ[1y on [0,1].

i S

[0,1]. It remains to show that lim,, .. b(1+ €)= oo

lim,, ... b(1+¢€)= oo Indeed,
lim b(1+e€)= i L= _ o M4mO
1+e €= 1—LI—I:1:1+H_1 (1—€) 1-e—0* 1—¢
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Now, since BB is a Young function, we have that
B(l—e)=b(1—€?)=B(2—2¢),—1 =€ < .
B(l—e)=b(l—€?)=< B(2—12¢),—1 = € < oo, It follows by

definitionofbbthat B(1 +¢€) < ( ) =B(2+2e)0<e< =
u 1+€
m1+d¢ ﬂBQ+2QU{E{m
Applying t%ﬂ increasing function B~1B1,
we get1+E£B_1(_1;1)£2—2E,
()

1+e£Bﬂ( L_Jﬁz 2€,

0 < e < o,0 <€ < oo, thatis, taking reciprocal values and

1—6H1,1+E£ : =1l4e O0<e<ow
R =)
l—El—}lif,lji ‘,11 =1l4e O0<e<ow
Finally, since Buuu‘liﬁ}lncreasing on (0,1)(0,1)
and u(0,1)= (0,1) u(0,1) = (0,1) this implies
u((1-¢)) 1 _
. = ri(ﬁ) = u((l E)),

ul(1-€)) < 1

*:u((]—e]) € < 1.Hence by the
definition o t e-E ndamental function for the Luxemburg

norm we conclude that @(l—€)=>u(l—e€), 0<e<l.
ps(l—€e)~u(l—e), 0<e<l,
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In addition B~1(1—¢) =~

_l[ ”(I—E)u( )Ufieil

“"[:1—(:'}{1,( ) 0 < € < 1. The proof

Bi(1—-e)~

l':1 £l

is complete.

The following proposition enables us to reduce an embedding to a
Lorentz endpoint spaces only to testing on characteristic functions.
The idea of this statement is based on [2, Theorem 7], where the

Lorentz space LA+&Y(MLA*1(Q) occurs as a target space,
nonethelesss the proof also works for any Lorentz endpoint space.
For the sake of completeness, we show also the proof here (see

[20]).

Proposition 3.4. Let Y(0,1)Y(0,1) be a Banach function space
and A(0,1)A(0,1) be a Lorentz endpoint space over (0,1)(0,1).
Suppose that TT is a sublinear operator mapping A(0,1)A(0,1) to
Y(0,1)Y(0,1) and satisfying

ITeellyo 5y = Mtsllaco.n (3-5)

for every measurable set E € (0,1).E € (0,1). Then

ITZ 5Ny = 200y ITZFl S 2NAN, o, Tor
every  f; € A(0,1).f; € A(0,1).

Proof. Let f;f; be a simple nonnegative functions on (0,1).
(0,1). Thus f;f; can be written as a finite sum f; = 2 Xk
;= » I XE; where 4;4; are positive real numbers and the sets E;
E; are measurable subsets of (0,1)(0,1) satisfying E; S E, < ---.
E, € E;, € Then, as readily seen, we have f;" = 2k XE}.
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=24 Xg;- Let@ ¢ be a fundamental function of A(0,1).
A(0,1).By the definition of the Lorentz norm we have

1 1 !
Z”fj”m,ﬂ ) L fo*dﬂv - L Zﬂjﬁf dp = Zaj L e = le b "“(“}'
j ) !

On account of the sublinearity of TT we have

TE <24 |1, ITEM <24, | and
consequectly by (3. 5) and by axioms (Pl) and (P2) we obtain

"TZ,G"Y[M} <2k | TXE E N "XEJ' "ﬁ[ﬂ,l} - Ellﬂ"ﬁ(u,l}'

172 Al < Zt [T | 520 s [ =205

Now if f;f; is simple but no longer nonnegative, we use the same

for the positive part of f; f; and for the negative part of f; f; .
Suppose that f; f; is an arbitrary functions in A(0,1) A(0,1)and

let(ﬂ-)lﬂf(ﬂ)lﬂf be a sequence of simple integrable functions
converging to f, f,— in A(0,1)A(0,1) Then

||Z f-} 1+EE ||Y( 1)
= . — . .
N ||Z }j 1+2¢ ( 1) ||Z f} 1426 A1),

and T ( jﬂ-)lﬂf T ( f-})1+EE is Cauchy, hence convergent in Y(0,1).
Y(0,1). Since limits are unique in Y(0,1)Y(0,1), it follows that

imT (f;),,, =TfUmT (f) _=Tf and
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||Tsz||m}1}=lim ||TZUI)1+ZE Y(M}Elimzu(muzf ﬁ(&l):Z"’G”Mu,ﬂ

as we wished to show. Next proposition provides the optimal r.i.

range space for the operator Hi*EH{*S and a given r.i. domain
space.The proof can be obtained by simple modification of the

1

proof of [11, Theorem 4.5], wheree =0 e =0 ore = —if_—' =3

and therefore is omitted (see [20 ]).
Proposition3.5.LetX(0,1)X(0,1)beanr.i.space,0 = e <1, e =0

0=e<1, e=0and= %E %.Then
V'(01) = [,5. € M(U,IJ,Z" By = ||Z(H11tg)* f: ||X;m S m}

is an r.i. space, such that the associate space Y(0,1)Y(0,1) is the
smallest space among r.i. spaces rendering H1*£:X(0,1) — Y(0,1)
H{*2:X(0,1) = Y(0,1) true.The construction of the optimal r.i.

domain for Hi*SH{*S and a given r.i. range space is similar to
that in [16, Theorem 3.3], as well as its proof, needing only trivial

modifications. The fact that puy fi = HrHEf; = B is denoted by

fi~hf~h.
Proposition 3.6.Let Y(0,1)Y(0,1) be an r.i. space such that

Y(0,1) *—>L(—E'i1+5}’1)((},1). Y(0,1) *—>L(—E'i1+s}’1]((},1]. Then
X(0,1) = {ﬂ- e 2O, ) [Iflly, = sup IH1hllve.o) < m}
=

is the largest ri. space satisfying Hi*S:X(0,1)— Y(0,1).
H}*€:X(0,1) — Y(0,1).
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Remark 3.7. Now, under the same assumptions on (1 — €)(1 — €)
and (1 + €) (1 + €) as in Proposition 3.5. one can readily calculate

the optimal endpoint estimates

1
Hi*<.[1(0,1) - L=0+97(0,1) (3.6)
a n d
1
Hi*s: [12(0,1) — L=(0,1). (3.7)

The relation (3.6) shows that the assumption in proposition 3.6
cause no loss of generality.
Let us also discuss the assumption on fundamental function

SUPpce<1 @ ([1 + E)E) (1+e) =0

SUPgee<1 P ((1 + E)m) (1+e) =o n
Theorem A and B. If this condition 1s not satisfied,
then Pp(l+e)=C(1+e)19 p<e <,

p(l+e)=C(1+6e)1*9 0<e<l,for some C>0,
€ >0, which is equivalent to L-<+"(0,1) € M,(0,1),

L-e+a(0,1) S M, (0,1), hence, thanks to (3.6) also to
HIS: 11(0,1) — M, (0,).H*: L' (01)— M, (0,1). Since

L*(0,1)L*(0,1) is the largest ri. space, we can see that this
considered assumption cause no relevant restriction to target
spaces.

Proof of Theorem C. We first prove the inequality” ==". Let

(1—€)(1—e€)and (1+ €)(1+ €) be as in the theorem and let
us se
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t Y(l+e)=(1+€)supiaseao® ((1 + E)ﬁ) (1+e)f, 0<e<l.

P(l+e)=(1+€)sUpjareng @ ((1 + E]m) (14+€)5, 0<e<1.
Then, by Lemma 3.2, ¥(1 + €) Y (1 + €) is quasiconcave function
on (0,1)(0,1) and

PY(l+e)=(1+e) "¢ ((1 + e)ﬁ)

Wl +€) = (1+ejl—fqa((1+e);Ts) f o r 0<e<l
,0 < e < 1. We claim that ynp is up to equivalence the smallest
function with this property. Indeed, let n(1 +&e)n(1l +€) be a

quasiconcave function on [0,1)[0,1) and
n1+e)=(1+e)l g (1+E);)

n(1+ej3(1+e)1-fgo((1+ej;)

f o r ,0<e<l. 0 <e< 1. T h e n
— e o NU+e) € «

(0((1+E)1+s)(1+e) . ,0<e<d suplb uqo((l+e)1+s)(l+e)

nl1+e)
Su p—::e>u 1+e !

o((1+eme) 1 +ee < 0<e<lpy,, 01+ 1+ <

1+
(1+E}
Su p—:se}ﬂ 1+e !

D<e<10<e<1.The right hand side of the last

nl1+elnli+el
1

inequality equals by quasiconcavity of n.n. Then

multiplying by (1 + E](l + E] gives that (1 +¢€) = n(l +¢€)
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P(l+e)sn(l+e)for 0<e<1l, 0<e<1l,. Now by

Proposition 3.6 we have

@y(1+€)= sup f( }M(l—e)'fh(l—e]d(l—f)

h~Y(o1+d)

Mi0,1)

1
z[ (1= Y200 (1~ )1~ )
(1+E:}l+£

M(0,1)

= x( 1 )(1 +¢€) Li:m}(l —e)cd(l-¢)

ﬂ,(1+f}1_+5
m(0,1)
2y, \(d+e(+etE-(1+e+)
(u,(1+e}1+s)
m(0,1)

>y, o+ +e) -1+
(1+e)1te
e
M(p,1)
~(1+e) |y 1 (L+e) ~
(1+e)14€
e
mlo.1)
1
a+or<lly,  (+el =+t ((1 + E)m).
(u,[1+e}1+s)
M{o,1)
Hence e, (1+e)=(1+e)cgp ([1 + E):LTE)

oy (1+e)=(1+e) < ([1 + E]l_ﬂ) and by the claim
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P(l+e)T (1 +e)p(l+€) = @(1+€). Let us focus on

. . 1 1
the inequality” =<”. Let 0<e<-0<e<- then

@y(1+€)= sup f( }HE(I—E]_Eh(l—E)d(l—E]

h~Y(o1+é)

Mlo,1)

L2

1
= sup sup f (I-e)*h(1-e€)d(l1-¢) | (1+e€)e(1
(1+2e)17€

h~yip14¢) 05-€<1
+¢)

p(l+e)
= sup sup
h~yigy1+e) 0<e=<1 l+e

1+ 1
J J (1—e)*h(l—e)d(l—e)dr
0 (1+2e)11€

14¢ 1 minj(1-e)1+e14e
= sup sup 4 ]J (l—E]_Eh(l—E)J d(1+26)d(1-¢)
h~¥(o14e) 0<e<1 l+e 0 0

p(1+¢) (J[HE}HE el4e-1
0

=sup su (1-¢) 1+ h(1-¢€)d(1-¢)
Mfgl h”I(nEﬂ} I+e
1
-I-(l-l-E)f (1—6)‘Eh(1—6)d(l—e))
(1+E}l+E
14¢ (1+e)H¥ £ 4e-1
= sup sup a JU (1—€) 1+ d(1-¢)
0<e<l hv g g (1+e)1Te<2(1-€) <1 l+e (1-¢)
2
-I-(l-l-E)f (1—6]‘%‘!(1—6)).
(1+E}l+E
Denote
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V(l4+el-¢€14¢)

14¢€ (146)7¢ e 4e-1
A J( J (1-¢) T d(L-¢)
l+e (1-¢)

2

+(1+e)f

(1—¢)d(1- EJ).
(1+E:}1+E
We split the area over which the supremum is taken into three
disjoint regions namely
Py(l4+€)< sup V(il+e1-¢1+¢)
1
0<1+e<(1+e)ite 0<i-e<(14€)LtE
- sup V(l+el-¢1+¢)
1 1
(1+e)1tecisec(—e)ite(14e) e (14e) c1-e<(14e) e
- sup V(l+el-¢1+¢).
1
(—e)ite<ite<i(14e) 1641
Now
sup V(l+el—¢1+¢)

0<1+e<(1-g)1+e0c1—e<(1+e) 1€

1+ (4e)?¢ re-1
= sup (0(1+:) U( (1—€) 1+¢ d(1—¢)

0<1+e<(1-€)1Fe 1-¢)

1+t (1-¢)
+(1+¢€) (1-e)fd(1 —E))
(1+E}1+E
1 + 3 (1+E)1+E 3
< sup 4 ) U (1+e)F*d(l—e)
2 1+e \Jg
0<1+e<(1-€)1te

+(1+¢€) f _E(l —e)%d(1- E])

o(l1+€)
14¢

S sup (1+e1+ %+ (1+e)(1-e))

0<1+e<(1-€)1+e

< qo((l—e)f?) (1 )+
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=(1- E}lsup © ((1 + E}i) (14+€)7F,

E}E}ﬂ

sup V(l4el-¢1-¢)

1 1
(1-e)itecttex(-e)ite —0<(14e)ttE-14¢

(1+)11€ 2
qo(1+e)f ee-1
1—¢€) e d(1-
Tre (( (1-¢) 1+ d(1-¢)

< sup
(1-e)THectsec(-e)ite 14e)146-(1-¢)
(14e) 1491 (1-¢)
+(1+¢) (1—¢)d(1- 6))
(1+E}l+E

o(1+¢)
l+¢

< s (1-a1+e) = +(1-)(1+e)H7)

(1o ctsec(e)THe
S(1-¢) sup  gl+e)l+e)*
1
(1-g)1FE<1-ec1

S(l-€)sup o ((1 + E)ﬁ) (1+e)*

1
2:'-wf:'-'l]

and
sup Vl+el-¢1-¢)

(-e)1recise<i(1+e) E-021

< su
1p 1+¢

(-e)THe<1+ect

(1-€) 15 d(1-¢)

14e)itéog—¢

o(1+e) (J(HE}HE el+e-1
(

-I-(l-I-E)J (l—f]‘fd(l—e))
(1+e)1te
< swp % ((1-e)(1+e)

(—e)He<14ec

+(1+e)(1-(L+e)H)(1+e)1+)
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@(l+€)
l+¢

< sup (1—e)A+e) =1+ (1-e)(1+e) )

(—e)1te<i+e<t
1

<(l-¢) sup o(1+e)(1+e) 1 < (1-¢) sup qo((l+f)m)(1+f)‘f.

(-e)rteci+et 77€20

F 1 n a 1 1 y
e 1
(OX(I—EJ:E(I—E)SUPE}E}H(O(1+E)(1+E) ,U{E{E.

oy (1—€)s (11— E]supl ol +e)(1+e)c, 0< (_:{:1
Proof of Theorem B. Cons1der the Orlicz space L#(0,1)L* (U 1)
and the Marcinkiewicz space M(0,1)M(0,1) from the assumption
of the theorem.We will prove both implications at one using
only equivalent steps.The $tatement Hi*s:L4(0,1) — M(0,1)
H{*E:14(0,1) - M(0,1) means

f }l+EZgJ(1+E)(1 ) “d(1+€)

Passing to the associate spaces, this by [ 10,Lemma 8.1] the same
as

Mip.1)

= Z"‘gj”LA(ﬂ,l}, gj € M+(U’D'
I

(1- E}1+s
(1—e)-ff Z f(1+e)d(1+e) EZ"’?”wm,ﬂ, f, e M*(0,),

A1) I

whereAA is the complementary Young function to AA.This is
equivalent to

(1- E)L+E
(1-¢) J Zf (L+e)d(1+e) Z",G" EM*(0,1).
Ay
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Indeed, oneimplication followsjustbypassingtoonlynonincreasing

functions with the fact that "Eﬂ" M1

7]
the Hardy-thtewood 1nequa1ity applied to functions f;f; and

M (0,1)
0.1’ and the other holds thanks to

X 1 \,‘

0 [1 E}J_+E (1 _z"l- 14E
U(smg the fa):tt at M'(0,1)M’(0,1)is a Lorentz endpoint space and
passing to the characteristic functions while keeping Proposition
3.4 in mind, th1s is equivalent to

(1- E}1+E
(l—e)‘EJ Yoo (l+e)d(1+e) S oM'(a) a€(0,1). (3.8)
’ A1)

Let us compute the left hand side. Clearly

(1-¢e)1+e
(1- E)_Ef Yoo (l+e)d(l+e)
0 -
*(0,1)
1
= (1 - E)_EX(HJQHE}(I - E) . (1 - E}1+E + (1 - EJ_E:{(aHEJI}(l - E]

cal|
14(0,1)
£ 4e-1
= (1 - E]?X(Mws}(l - E)
*(0,)
+a|| (1—€)ygrre (1 E]"LAM}

-1 -1
We supposethata € (U,Zi_ﬂ),a € @,ZE), since we are interested
only in values of a near zero. We show that the second summand
domainates the first one. Indeed, for any r.i. norm we have
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1= @ d-) 2 a1 - ) presnso 1€
> a(20%) [ yate 0t (1= €| 2 a7 rpareey (1 - €)|

et +e-1

= |[(1—g) 14 "}:(MHE}(I —€)

Therefore we can state that
(l—f}i_J‘l-'E
-7 Jea+i+e
0 -
1)

> (1~ )Y aren(1-6) 5, B9)

At this moment, it is the time for using Lemma 3.1.We need the
part (3.4) with (3.3) foré{ =e >0, R =1 =€ >0,R =1 and

—1 —1

£ =1— 21+eg = 1 — 21+ The assumption (3.1) can be rendered
as satisfied without any loss of generality since the domain is
of finite measure, hence the appropriate Young function can be
redefined on (0,1)(0,1) without any effect to the corresponding
Orlicz space.Note also that we are using the complementary
Young functionA4 instead of AA. Hence we conclude that (3.8)

1s equivalent to

a—EZ—E+1 1
E-1 (a—[1+f}j S ow(a) a€ (012 1+E)- (3.10)

Now we substitute (1 —€) = q~(1+e) (1—¢€) = a~1*¢) and use

the fact that @,y (a)@(a) = a.@, (a)e(a) = a. We get
o((1- e)‘LTs) (l—e)  SEMl-€),—mw<e<2 -1 (311

(- ) (1- SEX(1-0),-w<e<2m-1 @31,
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LetusdefineF(1—€) =9 ([1 —€) 1is) (1—€e)f, 0<e<l,

Fl-e)=3((l-e) =) (1-e, 0<e<l,
where the function @(1 —e)@(l —¢) is taken from Lemma
3.2. We claim that F(1 — €) F(1 — €) is the least nondecreasing

majoran of ¢ ((1— €)= (1 - €)= ((1 —e)me) (1 — ).
Indeed,

P(l—€) = (1—g)=l1+e supz___ @(1+e)(1+ €)1+ p<e<l,

P(1—¢) = (1—e)1%9 gup, (1+e)(1+e)1+ pce<,

hence :

}E}l](o

6((1 - Ejﬁ) (I1-€)=sup,__1¢ ((1 + E]ﬁ) (I1+e)*,0<e<],

7] ((1 — E]ﬁ) (I—€)™=sup,__:¢ ((1 - E]ﬁ) (1+e)F,0<e<,
and the claim follows. Since the function E__E__ 1s strictly
increasing as well as its inverse, we can enlarge the left hand side

of the inequality (3.11) by F(1—€) F(1 — €). Hence we can

equivalently continue by
1

F(l+e)SEl(1—€), —o<e<21#e—1. (3.12)

Now Lemma 3.3comes to play with
u(l—e) =7 ((1—e)re) (L — )™=,

u(l—e)=9 ((1 — E)m) (1—e)'**. By Lemma 32uu is

quasiconcave and strictly increasing on (0,1).(0,1). Next,
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o u(l—e) _ 1 e
1—l.£l—lplu+ﬁ N 1—121—13-1:# lsup ¢ ((1 * E)HE) (1+e)™ =

E}E}D

thanks to the assumption of  the theorem.

Also, wuu 1s right continuous at the origin since
u(1- €)= (1-€e)sups, ;¢ ((1+ )ite ) (1+ €)™ < p(1)(1 - €)',

u(l- €)= (1= )sups, o9 ((1+ ) (L + ) < p(1)(1 - €~
We obtain a Young function BB such that B=*(1—¢€) =~ F(1 — ¢€).
B'(1—¢€)~ F(1—¢€). Theorem C ensures that the space
L5(0,1)L5(0,1) has the same fundamental function as the
optimal r.i. domain X(0,1)X(0,1)in H{*$:L4(0,1) - M(0,1)
H*€:L4(0,1) » M(0,1). Using this and passing to inverse
functions, (3.12) is equivalent to existence of some constant C = 0
C > 0 such that

E..2+e)<B(C2+e))0<e<om,
E..2+e)=B(C2+e€)0<e<ew, w h e r e
c= £z} (25%) > 0.c = E22 (27%) > 0.

This 1s however equivalent to

E..2+e)sB(C2+¢), 0<e< o,
E.(2+e)sB(C2+¢)), 0<e<eo, w h i ¢ h

. . 2 Al1- B
is nothing but Jy e A Ef d(1—e) 5@
(1-e)1-¢ (2+e)-¢
fuzﬁ ﬂ'l_ff d(l—e) EE—(C{ET}), D<e<o0<e<on.
(1—el1i-¢ (2+e)=¢
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Finally observe that the quantities

T 4e 1+E

Jo Al-e)(1—e)-<d(1—e)
IDHEANU —e)(1— E]%d(l —€) and
ff+£ﬂ"{1 —e)(1— E]%d(l —€)

T4e 1+e

fl A(l—e)(1 —€e)=<d(1—¢)
are comparable since ,0 < € < 0,0 < € < oo. One can now
immediately observe that the resulting inequality does not depend

on the behavior of the Young function A4 on the interval (0,1).
(0,1).

Proof of Theorem A. Before proving Theorem A we need several
auxiliary results.

The next theorem is the crucial ingredient in the proof of the main
result and it reveals the constructive approach to the nonextistence
of an optimal Orlicz domain space in appropriate situations (see
[20]).

Theorem 4.1. Let Young functions AA and BE satisfy for
D=e<10=e<1 and some C =>0C >0 the inequality

jmﬂ[l—_? o EB(C(Z +fJ) O<e<om  (41)

1
(1—€)1-€ (24+€)e
If
B(2+¢)
m ——5 = o (4.2)
24e—oo (2 + E)?
and
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-1
(2+€)e ***B(2+¢)
24e—ow pB(EE+3E+2j 1 (

;d(l—e)=o (4.3)

1— E) €

for every € = 0,6 = 0, then there exists a Young functions A, A4,
satisfying A, == AA, == A and

J-z+.s A, (- E}d(l e _{:B(E(E+i_=3]
oa-aE (2+e) €

J-12+.4;-J-'1l[1 E}d[:l ).::B(Lz*'ff]’ WO <e<om 0<e< om,

Proo% fet A4 and B B be the Young functions from the
assumptions. First, we establish an upper bound for AA. Namely,
forr ,0<e<om 0<e<om,

B(2C(1+¢))

(I+e)e

A

—d(l-¢)

JE(HE} A(1-¢)
L (l-e)i=

1+¢) _ (1+€)
zf 4d-e) d(l—e)zA(He)f _d(1-¢)

e (l-e)is e (1-¢)is
A(l-¢)
(L+e)7

Using this, we obtain the existence of ¥ > 0y > 0 such that
¥YB(2€C(1+€)) > A(1 +€),0 <€ < 0. (4.4)

Now we fix this yy and, for every ,0 < € < 00, 0 < € < o0,
we define the set
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All+e) B(2C(1+¢))
1+e — 1+e€ '

Giee) = {U‘ < £ < 09,

Al1-elali-¢)
1-¢ 1-e
(0,0)(0,00) onto itself, the sets are nonempty for every

Since is a nondecreasing mapping from
,0<e<oo.,0<e<oo. Letusdefine T =1, =InfGp o).
T =T(14¢) = INfGg .. Observe that, for ,0<e<oo,
,0<e< oo,

and 0<e< %] Al1-¢) - AlL+e) < }!B(EC[1+E})

1+¢ 1+¢ 1+¢

0<e< ; Ali-e) _ ali+e) < B(2c(1+e))

1+~ 1+¢ 1+e

thanks to the estimate (4.4). Hence T(y,¢) > 1 + €Ty, > 1+ €

All+elall+e)
1+ 1+¢

for every (1+€).(1+ €). Moreover, since

continuous, we have the equality
A()  B(2€(1+e))

,0<e<om, (4.5)

T 1+e€
Let (14 €)(1 + €)be a real number such that € = 0. = 0. Then
. A[:Tl-l-f:] 1+e€
lim sup . = 00, (4.6)
1+e—=co Ti4e A(Z(Ez + 2e + 1])

Indeeed, suppose that there exist e = 0e = 0 and some L > 0
L = 0 such that there is for all ,,

Alz) i 1+e
T Al2(e2+2e+1))

0<e<o,0<e< o, the estimate < L,

Alr) ) 1+e

< L,or equivalently

t Alz(e2+2e+1))
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A(2(e2+ 26+ 1)) - L‘lﬂ

4.
1+e€ T (47)
Now for,e = 0, e = 0 the following holds:
B(C(E2+EE+1}J
e
(2+€)1-¢
£ 42 - £ +2¢ - 2 p(2(e2-1)
J-l( +2e+1) Al1- )d(l— 6) > 1( +2e+1) Al1 fd(l—e]xﬁzﬂ(z 11Jd(1—6]
(1-e)T¢ o -t : (1-oTe
B(C(E2+EE+1}J
(E+E}ﬁ h
242¢+1) All-e 242e+1) Al1-e 2 a2le2-0)
J-l( +2e+1) Al1- )d(l— 6) > 1( +2e+1) A(1- }d(l— )—ﬁ A(z 11Jd(1—6]
(1-e)T¢ o -t : (1-oTe
Z_-I-EA[T ) 1
(by change of variables)= [, 2 (“ ':} —d(l—e¢)
2 T8 (1-g)i-e
2+EA(T ) .
= [z B —d(l—¢)
z T8 (1-e)1-e
(by (4.7)) ~ J-— *B(2c(1-)) 1 d(1—e)
1-¢ [I—E}—E
Z—ﬂﬂ[zch )1
~ [y - — d(1—€e)(by (4.5))
2 € (1—e)-€
ff‘"‘fﬂ[{:[l e)) d(l — ).~ J‘E"‘EB;(C[I E})d(l €).

Afterthechangeofvarlables C(l—€e)—1—¢C(l—€)—1—¢
this contradicts (4.3) for this (1 + €)(1 + €). From estimate (4.6),

we can take an increasing sequence 2 < (2 +€) j< o) =2,

2 <(2+¢€); <oo,j=2,such that
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-— = oo, (4.8)

j== T A(j(2+€);)

where we define 7; = T2+e); T = Tlz+e);- We can also choose this
sequence to ensure T;,; > T; .T;,4 > T; .We claim that without
loss of generality we can assume that 21; < 7;27; < 7; for every

index j = 2.j = 2. Indeed, suppose that there exists a subsequence

j[1+E}j{1+E} in NN such that TI(1+E} = 2Tj{1+£} 'T.f(1+s} = 2Tf(1+s} :
Then

A (Tir.. 4.._-1.) =4 (ZTR.. 4.._-3)‘4 (Tir.. 4..:3) =4 (2'1'],-',_' ey )and

@+eji g ‘:A(E(HE}I(HE}). @+e)j b0 {A(E(Hf}j(m})_ 2 _

A(z(z+e};(l +E}) Ji14e)

A(Tf(1+s}

. . - . 1
TJ(1+E} A(j(1+g}(3+f}j(l+s}) (2 +E}I(1+E} A(-"‘zﬂZ(E+E}1(1+E}J

2_}0

J1+e)

A(rj(m}). (2+e}j(1+s} {A(E(He}j(m}) (Z+E)j(l+s}

TJ(J_+E} A(J(l+£}(2+f}j(l+s}) (E+E}I(l+5} A( - Z(Z-I-E}J(J.'I'E}J

2_}0

£ A(Z(Z+E}jtl+E}J. | 2 _

al2+ey ) Juve

J(14e)
as 1+e—o, 1+€— oo,
which is impossible due to (4.8).

At this moment, we can define a function A, A, by the formula

A(t)-4(2+9))
T - (2+e) (2+E—(2+E]j), (2+¢)
A2+¢), otherwise.

<(2+e);<7,j€N,

40+e)= Al2+e),)+

Obviously, 4; = A4, = A and A;4; 1s a Young function.
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Moreover, for jEN, j=2j€N, j=2,

A(I J-}—A((zﬂ'} _,-) i
4, (20246);) All2ve) = g 249 Az))-a(2+e);) (2+e); _ Alrj)-a 3 (e,
il _ 12t i) ey 2/ \2+e);
A(j(2+e);) AljGa+e);) T oa(jzeey) 1 T oa(zeey) g
A(r j}—A((zﬂ} _J-) )
4,(2024€);) Alz+e);)e e alr))-a(z+e);) (+e);  Alrj)-a J (2+€);
i _ 2te)] j i) e 2/, \2+e);

AU(HE}J-] - AU(Z+E}}'] 2 AU(HE};) o AU(Z+E}_,-] T

) A(TJ-] (248
Tj A[}'[E+E}j]
l i A(‘!‘j] ) [E+E}j . T_j T_j- E T_j

=3 ;. Aljz+e);) (sinced (z) =4 (z )A (z) =4 (z ))’

and the latter tends to infinity as j — ooj — co by (4.8). Therefore

(since  2(2+€),<T2Q2+€);<T) =2

4,(2+e) A4,(2+e)
alaz+e)) alaz+e))
for every A > 2,4 > 2, which is precisely A4; == A.A, == A.

lim,, . sup oolim,, .., sup

It remains to show that A, A, satisfies the condition (4.1) with
AA replaced by A; A, Let 0 < e <000 < e < oo be fixed. We
find jENjEN such that (2+€) =(2+e€); <(2+€).,.
(2+e)=(2+€); <(2+€);,,. Then we have

02023 pyliy- 1444 8,31 saloa -Jgdll aasll - axdpdaill cilulyall <o jléll dlao




Various Characterizations of Optimal Orlicz domains in Sobolev embeddings into Marcinkiewicz spaces

JHE Al(l _ EIJ d(l B EJ
to(l-e)te
5JEA“_?du—d
L (1-e)i=

Ti4e

+Z f (A((zmm)

=0 (2+€)14¢

Ary.) - A2+ €)1se)
T4 — (2 + EJ1+E

ngﬁAﬂ_?dﬂ—d

(U—d—@+%ﬁ0——17ﬂﬂ—d
(1-€)i=

(1-e)i<
i
A - AR+ )10 (M ((1-€)-(2+6)4e)
+; T —(246).. L2+E}1+E (- E)ﬁ d(1-¢).

We can follow with estimates of the latter integral. Since € > —1,
e >—1,
we have for 1+ e€N1+e€MN such that 0 =e=<j—1,

D<e<j—1,

e ((1-€)-(24€) 4
J ( 1 el g
(246 14 (1 - EJE
T1+e 1 ® 1 1
< —d(1-¢) < —d(l-¢g)>—.
-1 = 1+e
2+e)1se(1—€)e 2te)ise(1—€)e

This together with the fact that 2(24+€);,. <T;.c
22+ €)14e < Ty4e gives
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[A9 g5z 2D 4004 zz ) 1

(1-e)i-e 1 (1-g)1-e (2+¢ )11:5
Since (4.5) implies Alrygd 1 S }rﬂ[zc[ufj:iﬂ}
Tite {E+E}lisf (2+e) &,
Alryyg) 1 - YB[EC(E+E::1+E} W¢ have by (4.1)
e A (1—e B(C(2+¢ B(2C(2 + ¢
j 1(—1)(1(1 —€) = ((—3) Z (2C( jlﬂ-] .
1 (1 — E)I—E (2 + E) 3 =0 (2 + E)lif

Because the sequence (2 + €);(2 + €) ; could be taken arbitrarily
fast growing, we can assume without loss of generality that

B(C[E-I-__i}] > iE_zlnﬂizc[z+ilil+s} , 2+6),<(2+e) <o,
(2+e)e (z+e) 5
3(c[z+_-.=l}] > iE_zluﬂizc[MiHs} , 2+ e);<@+e) <o,

thiied fo the assumpfoe(d.2).
Adding all the estimates together, we finally obtain that

j +e Al[:l—(_? A1 —e) < B(C(E +i:'3)
1 (1—e€)1-—= (2+€)e

which proves the theorem. The following auxiliary fact is based
on the idea of L’Hdpital’s rule and the proof is very similar to the
proof of the original result, hence we omit it.

Proposition 4.2.Suppose that f;f; and g;g; are real functions
having finite derivatives on some neighborhood of infinity. If

9;(0) = ,;,(x) >, as x - oox - oo, then
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N £,00
e Ry S o)

Theorem 4.3. Let G:(0,00) = (0,00)G:(0,00) — (0,o0) be a

continuous nondecreasing function satisfying A,A, condition.
Then the following are equivalent.

o eesup i SR Ao — e

im,.. Squ[Ez:3E+E} J‘E"E 6[11 - d(1—€)=ooforeverye = 0;
e=>0;

G st TTEER - = o

it~ squ[;E} IE+EG[1 E}d(l —€) = oo;

iii e i“f% =1 lim,_ inf% —1 for

cevery € = 0.e = 0.
Proof. The equivalence (i1)¢<=¢=(i) is trivial, since the quantites
G(2+€)G(2+€) and

G(e?+3e+ 2)G(e? + 3e + 2) are comparable for every fixed
€ = Oe = 0 thanks to the fact that G € A,G € A, .
Let us focus on the implication (iii)=>=>(ii). Let € = 0e = 0 be

fixed and suppose € > —1.e = —1. Then
(e+3e42)

d(l1-e¢

J G(1-¢) (1-¢

1 1-¢

(Ez+3E+2}
a(1-
zf 6(1-e) (1 EJEG(HEJJ
7 —E€ 2

(e2+2e42) d(1-¢)
l1-¢

+e +€

=G(24+¢)log(1+¢).
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Dividing both sides by G(e% + 3e + 2)G(e? + 3e + 2)

with obtain
Glz2+e) 1 (e +3e+2) Gl1—¢€)
lﬂg(:l +e) G(e2+3e+2) ~ Gle? +ae+z}f 1— d(l —€).
Gl2+e) 1 (e +3e+2) 61— e}
log(1 + €) Gle2+3e+2) ~ Gle? +3£+z}f 1- d(1—e).

Taking the limes superior as € — oo — o on both sides of the
inequality, we get

. G(2+¢)
log(1+¢) =log(1+¢) lljg supm
1 (E2+3E+E}G(1_EJ
<li _— d(l-¢)=1
EEES"IJG(EEHHQJL 1 (me=t

where L Lis independent of (1 + €)(1 + €). Sincelog(1 + €). < L

log(1+ €). < L for arbitrary (1 +€),L(1+ €),L has no other
option but to equal infinity.

To prove (i))==(ii1)), let e=0e6=0 be fixed and

dl{1—e)

let us  define  f2+e)=[ T G((2—-1))d=
f2+e) =[TT6((e2-1))d 2

and g2+e)= [ 6 -2
g2+ =["ca-e%

f; and g;g; are continuous and have derivatives,

d(1- E]'

dl{1— E}

Then both ,rj

2
namely }j.’ (2+€) = wg{(z te)= G(z+e}_

2+e ] 2+e
Gl2+e)

= Since (ii) holds, it has
2+€

' _ Gle*+3e+2) .
[ (2+e)= ng[2+e} =
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to be g;(2 + €)e = 00,g;(2 + €)€e = o0, as € — . — 0. Using

Proposition  4.2,we  get

24€
O G(E@+3e+2) . f GE-D) (1 E)
0 < lim me —1< lim inf (1 E)
£ ( +EJ £ j‘ G(l— )
(e +3£+Z}G(1_6Jd(l E _J-Z+EG(1 —E)d(ll —E)
< lim inf= 1-¢ d(ll ) —¢
£ 2+¢ — €
I G(1-¢) 1-¢
(e +3e+2) d(l—e
o G(2+€) Jye GU—EJ—E_E)
< lim inf - A(1l—o) G210
£—oo € - =
fl G (1 — E) ﬁ
Since liminf__ JZJ,E G{(Ej?m 5=20
liminf,. IZJ,E G[[E_J'Z}m =0 it suffices to
1 (e?+3e+2) d{l e)
show that o f“E G(1 —¢€)
= I (e 3ev2) G(1— )d[l is bounded.To this end we use

G(2 +e) “2+€

the fact that GG is nondecreasing and, due to G € A,,G € A,
thereissome ¢ > 0 ¢ = Osuchthat G(e? +3e+ 2) = cG(2 + ¢€)
G(e?+3e+2) = cG(2 +¢) for big (2+ €)(2 + €).For such a
(24+€)(2+€) we have
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1 (e2+3e42) d(1-
f I e
G(2+¢) ree 1-¢
G2 +3e+2) [ ((1-¢)
L — < clog(1l +¢).
6(2+6) LE 1= <clellte)

Proof of Theorem A. The equivalence of (i1) and (v) follows
directly from Theorem B.The condition (v) holds if and only
if (iv) holds thanks to the consequence of [15,Theorem A].In

order to show (i)=>==(v) assume that (v) is not satisfied,

) ) 1 (2+e) gl1—£)

ie., lim,_ ., sup ———— fl p— d(l—¢e)=o
) 1 (2+e) g(1—€)

lim,_ Sup ———— -[1 — d(1—€) = oo, for some

constant € = 0, > 0, where

GR+e)=BR+)2+e)c6(2+e)=BQ+e)2+ €)=,
Now for any Orlicz spacel?(0,1)L#(0,1) satisfying
HIFE:L4(0,1) - M(0,1)H{*5: L4(0,1) — M(0,1) there exists a
constant C,C, such that

j +EA[1—_Eljd[1 —e) = B(CAEZ +_?),0-':: € < o0
1 (1—e)1-e (2+€)e

due to Theorem B. If the function GG is unbounded, then
Theorem 4.1 ensures the existence of a Young function A,
A, such that the space L#:+(0,1)L4+(0,1) is étrictly larger than
L#(0,1)L#(0,1) and still renders the inequality above true, with
possibly different constants. Now again by Theorem B one has

H{tZ:14+(0,1) » M(0,1)H 22 L4+(0,1) » M(0,1) and no

—£

optimalOrlicz domain exists. This contradicts (i).The case when
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the function GG is bounded and hence equivalent to a constant
function, corresponds to the situation when M(0,1) = L*=(0,1).
M(0,1) = L=(0,1). Then no optimal Orlicz domain exists thanks

to a different construction described in [7, Theorem 6.4].This also
contradicts (1).

To prove (iii)==(i) we claim thatL?(0,1)L?(0,1) is among
the Orlicz spaces L*(0,1)L#(0,1) the largest space rendering
HI*E:14(0,1) -» M(0,1).H{*5: L#(0,1) - M(0,1).Indeed et
L#(0,1) L#(0,1) be any of such spaces. By the optimality of X(0,1),

X(0,1),we have L4(0,1) € X(0,1)L4(0,1) € X(0,1) and thus we
have the inequality between appropriate fundamental functions

Px(l—€e)S @, 0<e<ley(l—€)S @, 0<e<l.

Since the space LF(0,1)L%(0,1) is defined in a way that
its fundamental functions coincides with ¢, @,, one gets
that @2 S @a(l—€)pr T @a(l—€) which implies
A(l-e)=B(C(1-€)A(1—€)=B(C(1—¢)) for some
C >0, >0, hence L*(0,1) < L5(0,1)L*4(0,1) < L%(0,1) and
L5(0,1)L5(0,1) is optimal. The equivalence of (ii) and (iii)

follows directly from the definition of the optimal r.i. space, and
the equivalence of (v) and (vi) has already been proved in Theorem
4.3.

Remark 4.4.Note that the proof of the implication (iii)==(i)
does not depend on the target space, so it can be used to prove the
optimality in positive cases for any r.i. target space Y.
5.Examples and applications

5.1. Sobolev embeddings on John domains
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We begin by the easiest case of Sobolev embeddings, namely those
acting on John domains. We will use the reduction theorem from

[10]. Recall that a bounded open set 0 in R1+2&R1+26) jg called
a John domain if there exist a constant ¢ € (0,1)c € (0,1) and a
point x,; € (1x, € () such that for every x € (lx € () there exists a
rectifiable curvew: [0,1] — Q,w: [0,1] — (),parameterized by arc
length, such that @(0) = x, @(l) = x,w(0) = x, @(l) = x, and

dist(w(r), ) < cr,r € [0,1] dist(w(r),d0) < cr,r € [0,1].
We will use the reduction principle for John domains proved in

[10, Theorem 6.1]. It can be read as follows. Let e e M,e = 0
e€EM,e=0 and let m € N.m € M. Assume that () is a John
domain in R®*.R**<. Let || llxe.nll- llxon and Il llyeo .

II. ly(o.1)be rearrangement-invariant function norms. Then the
following assertions are equivalent.

X Hn f;

Z+e

r(0.1) =C E:_J'"}j' "X[ﬂ,l}

(1)  TheHardytypeinequality
1
LHmf;

| =CX J” f; ||X ©.1) holds for some constant CC and
24 (0,1) !

forevery nonnegative f; € X(0,1).f, € X(0,1).

(i) The Sobolev embedding WmX(0) < Y(Q)

WmX(Q) - Y(Q) holds.

Recall that

wmX(Q) =

[u € M (Q),uis m — times weakly differentiable in() and|$’(1+"’}u| €
X(0),e=01,..,m}
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Wm(Q) =
[u € M (Q),uis m — times weakly differentiable in) and|V(1+f)u| €
X(0),e=01,..,m}

Here, V1< uV1+€)y denotes the vector of all (1 + €)(1 + €)-th
order weak derivatives of uu and

Vu=uVu=u. The norm is then  given

b y lleellyyrm ) : = ?1—1||?[1+E}“"xm}

lullyym ) : = ’,_3*':_1||?[1+E}u||xm}. Now, one can select any
r.i. space X(0,1)X(0,1) and seek to find an optimal range space.
Let 00 be a John domain in RZ*¢ me NRZ*Y meN
such that m<24+em<2+¢ and consider the spaces
L**€log!**L(Q)L**€log***L(Q)) or L'**log**<logL(0),e >0
L**clog'*€logL(01),e >0 and 1+ec€Rl+ec€R or e=10

e=0and,e = —1,e = —1.By [10, Theorem 6.12 and Example
6.14] (see also [3, Example 1 and 2]), we have

o e243e42 2 +3e+2

LE‘.+E—m[1+E}lﬂgE+E—’m[1+E}L(ﬂJ! 0=e<2e

exp [2+e-mB+I (), €=0,1 <¢,

mylie)q1+e 2te
WL log™*L(Q) © expexpl2+e-m(Q), €=0, e=1,

L*(Q), e>00re=0, e=1,

and
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e +3e42 e +3e+2

L2+E—m(1+f}lug2+f—m[1+f}lugL[ﬂl0 <e<2e,

Myl+e]~lte 2+€ m(l+e)
W™ L *<log**€logL(Q) < exp(L2+E—mlng+E_mL) ), e=0,

L=(0), 0>¢

and all the targets are optimal among all Orlicz spaces. Let us
investigate the optimal Orlicz domains.

Example 5.1. a) Case
eZ4actz e24actz

Y[ﬁ:] = Lz+s—m(1+s}]ggz+s—m(1+s}L(ﬂ)]|:]. < e < e
eltzetz e2+aetz

Y(Q) = Le+e-mhte]ogzte-mi+el[(()),0 < € < 26 .The space
Y(Q)Y(Q) is not a Marcinkiewicz space, but instead of Y (1)

Y (Q)) we can take the endpoint space M, ()M, (22) with the same
fundamental function as the spac Y (1) Y (),

z+e—mi1+e) e o 5

namely @(1—€) =(1—€) +ae+= logr+e (1—5)
z+e—mi1+e) e ¢ 5

@w(l—€) =(1—€) +aet2 lﬂgHE( ,0<e<l10<e<1.

Now, thanks to reduction pr1n01ple ﬁle problem of Sobolev

embedding is equivalent to the boundedness of the operator Hin_
2+E

Hn .
By Theorem A, the optimal Orlicz domain space exists if and only
if

Hw :17(0,1) = M,(0,1)H = :17(0,1) = M, (0,1) where,
after some calculations, B(1—¢) = (1— e)*log?* (1 —¢€)
B(l—e)=(1—-¢€e)*log'*(1—¢) for large

(14€)(1+€). This is however the same as
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WmL*clog!**L(0) & M{P (wmLH*<log!*cL(0) & qu (1)
which is satisfied since W™L***log***L(Q) & Y () & M, (Q)
WmL*clog?**L(0) = Y(O) < M, (). Hence both domain and

e243ctz eZ43ec4z
rangespaceinW™ L **log? €L (1) & L2+e-mii+e)]ggz+e-mir+aL((])
elt+zetz eltzetz

Wle"‘flﬂgl"‘fL (Q)) & Lz+e-mis+e)]ggz+e-mi1+e(()) are optimal
among Orlicz spaces.
z+e
b) Case V() =exp Lztemiza[(Q) , €=0,1<e€.
2+E

Y(Q) =exp Lzremza[ (1), e=0,1<e.
The Orlicz space Y(Q)Y(l) coincides with the
Marcinkiewicz endpoint space M, ()M, (Q) (cf. (2.1)) where

p(l—e)= l-::g-jr‘z'-‘z‘l’"-“r1 (i)@(l —€) = lﬂg—zfz—3E+1 (i)

1-¢
, 0<e<1, 0<e<1, Again by reduction principle and

Theorem A we compute the Young function B and test the

boundedness of Hi» Hin on the space LZ(0,1)LZ(0,1) or check

z2+e z+eE

the condition using the function
G(l—¢€)= ﬁ(l —€)(1 — g)im—=z+e)

G(1—€)=B(1l—¢e)(1—e)m—zte, We get
Table 1

Application of Theorem A for the operator Hi» Hi» and John
domain (see [20]).

z+e ZH4E
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) 43642 1461 1+€
[2emli+e) ]0g2+f—m(1+f} 1(0), [**log*L(()
0<e<2e
£ 4364l 4364 1+e], 1+€
Lz+f~m(1+e)10gz+f-m(1+f} log (), L"log™*“logl(1)
0<e<2e
24 L1+Elﬂ 1 L ﬂ
exp LZ+E—miE+€jL(ﬂJ €= 0!0 <e g ( )
Lit 14€) g (14€)
eperplisen(l), €=00<e L"*log™*“'logL (1)

He  mll+e)

14€)n o€ 1+e
- (LmlogHE—mL)(ﬂ], [**log*Llog* **logL ()

Dr.Isam Eldin Ishag Idris - Dr. Aisha Yousif Mustafa

G()
2+ l+e  1+¢

(1+ EJm—E+E+Tl(]g €

(1+¢)

24 1+e  14¢

(14 €)m-2¢e"¢ log ¢ lo
g ¢ 108

(1+¢€)

24e-ml2+¢)

log 2+em (1+¢)
loglog(1 + ¢)

mll+e)

log(1 + €)logm-2+¢log

c=0 (1+¢)
I (ﬂ] L1+ZE(Q] 1
2e-miz4e)
G(1+e)=log 2#em (14€)0<e<
zde-mizde)
G(1+e)=log 2#em (14€)0<e< o,
2He-miz4e)
. . plog 2HE- 3
Since hm1+£—hco mfl g 2E+zml(;:i-(51?+ }] = 11
logZ E-miLe)
2He-mizte)
lim,,,.., inf B )y e 021051

BIAIET)
andGG satisfies 16 A, A, condition we conclude that the space
[M*€log™* L(N)[**log™*L(0) is not the largest Orlicz

It

space  rendering  W™LM**log!*eL({)) & expLa+e-miz+e)(())
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Z+eE

WmL*clogt**L({)) & exp Lz+e-mez+e(()) and no such Orlicz
space exists. Just to compare, the space Lf(0,1)LZ(0,1) from

Theorem A is L***log*L(0,1)L***log* L(0,1) which is too large.
These two examples give us the outline how to use our results to
investigate the optimal Orlicz domains. Other cases can be done
in an analogous way and we just present the results (see, Table
1). Observe that the optimal Orlicz domains exist in subcritical

cases, i.e. when 0 < € < 2e,0 < € < 2€, otherwise every Orlicz
domain space can be improved.

1.2. Sobolev embeddings on Maz’ya classes

Our next applications are in Sobolev embeddings on wider family

of subsets so-called Maz’ya classes. Let () be a domain in
R2*¢ ¢ = 0RZ* ¢ = 0,with anormalized Lebesgue measure,
i.e.|Q)| = 1.|Q2] = 1. Define the perimeter of a measurable EE in
OP(E, Q) = H1*9(QNa"E)QP(E, Q) = H 1+ (N E)

where dMEOME denotes the essential boundary of EE. The
isoperimetric function

I5:10,1] = [0,00]I: [0,1] — [0, o] of 20 is then given by

fﬂ(l—e)zinf{P(E,ﬁj,Egﬁ,l—eg|E|5%},0555%
In(1-€) = nf{P(E,0),ES0,1-€e<|E[<3} 0<e<?
and In(1—€)=Ip(-Olp(1—€) =Ia(—€) if -<e<l.

Z<e<1  Given (1—535[(2—;,1](1—.;):5[1 1]

(2+er’
, we denote by F_&n_e the Maz’ya class of all Euclidean
domains 00 in RZ*YRZ*< guch that I,(1 —e)C(1 — e)i—¢
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In(1—e)C(1—e)cfor0=e< %D <e< %for some positive

C.C. The reduction theorem in the class g¢; _ o1 &1_e) [10, Theorem
6.4] takes thefollowing form. Let 24+ e € MN,e = 0,m € N,

2+e€eNe=0meN, and (l—eje[ﬁ,lj
1
A-e€el; 5D
Let | lxco, 1)l llx(0,1) and |l Iy, )|l llya,1) be rearrangement-
invariant function norms. Assume that there exists a constant CC
such that
1> Hor] =c) sl (5.1
¥i{o.1) -
b x(0,1)

for every nonnegative f; € X(0,1)f; € X(0,1). Then the Sobolev
embedding
WmX(Q) < ¥Y(Q)(5.2)

Holds for every (1 € g(;_ o € Z(1_a)-
Conversely, if the Sobolev embedding (5.2) holds for every
() € g1_f) € g(1_¢), then the inequality (5.1) holds. Notice the

main difference between this ststement and reduction principle
for John domains. In the case of John domains the equivalence
of Sobolev embedding and boundedness of Hardy type operator

holds for every single domain (1), while in the Maz’ya classes
01 Q1 has to range among all domains in J_oJd_e)- Let us

mention similar examples for Orlicz spaces. Let mm be an integer

and 1—EE[ },ljl—EE[ 1) such that m(—e¢) <1
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m(—e)<1 and assume,e > 0,e >0 and 1+ eeRl+e€e R
ore=0¢e=0and,e= —1,e = —1.By[10, Theorem 6.12 and
Example 6.14], we have

f ef43e+2 243642
LE+E—m{1+E}lﬂgE+E—’H’E[1+E}L(ﬂ)! 0<e<2¢
2+¢
exp LE+e-mB+e (), e=0,1<k,
WmL1+ElUg1+EL (ﬂ] Oy 24+¢

expexpLz+e-m((1), e=0,e=1,

L*(Q), 0>€ore=0, e=1,

and
e +3e+2 £ 4+3e+2

LE+E—m(1+E}lUgZ+E—m[1+E}lugL(ﬂ)]U' <e<2e,

MIL+E] o 14E 24€ mil+e)
WmL*€log**€logL () < exp (L2+f—mlug2+e~mL) @), e=0

L=(Q), 0>e€,

Moreover, the target spaces are optimal among all Orlicz spaces,

as (1) ranges 1N F(y_e)-Fi1—e)-
Table 2

Application of Theorem A for the operator H,(_Hy_ and
Maz’ya class (see [20]).
r(@) L*(0) 6(0)
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1+¢ 14¢ L1+flog1+fL(m 1 146 q14¢

Ll—m(—f—fz}]og’m(—f—EZJL(ﬂ) (14 E]m['f'leIUgT(l +¢)

1
0<e<—-1
‘ m(-e)

14¢ 14¢ L1+El 1+El L ﬂ 1 1+¢ 14¢
Ll—m(f+fz:}10g1—m(f+fz}logL(Q) Og Og ( ] (]_-l-EJm-"?log e lﬂg(l‘l’f)

1
lse<—-1
e
1 1 ] [M*]oal (0] 1-(24emle)
exp Ll‘(“fjmtfj({!k:@—l eL log -m@ (1+¢)
L 1 logelogl(q)  loglog(l+¢)
Ll—fmifj 0 ) — -
BXp exp @), e o
1 mlete) [0 Llog™*<logL(Wlog(  mle+<’)
exp (Ll‘m(fjlclg1"“(*5j L) () A log™(e-Ulog(1 + ¢)
— 1 1
€= m(e)
12(0) [me) ) 1

Now one can apply Theorem A for the operator Hy o Hy () ina
analogous way as in Example 5.1 to investigate the optimal Orlicz

domains.
As computation shows, in the case 0<e< (1 -1
mi-€
0<e< (1 - 1 the optimality is attained as (1() ranges through
mi-€

Ji-edi1-e)- In the remaining examples there exists some (1)
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in Ja—exJa—e) such that any Orlicz domain space in appropriate
Sobolev embedding can be improved (see Table 2).

5.3. Sobolev trace embeddings

Our last application concerns the Sobolev trace embeddings.An

open set 00 in R{1+EE}R(1+EE}

is said to have the cone property
if there exists a finite cone AA such that each point in Qf) is the
vertex of a finite cone contained in (){) and congruent to AA.

Givenaninteger (1 + €)(1 + €)suchthat2e = € = 0,26 = € = 0,
we denote by 1y, {1 ) the nonempty intersection of 102 with

a (1 + €)(1 + €)-dimensional affine subspace of R1+2€) RO+2¢),
The reduction principle for trace embeddings [9 Theorem 1.3] now

has the following form. Let {){) be a bounded open set with cone
property in R1*2¢) 2¢ = 1. R1*29) 2¢ = 1. Assume that m € N
m € N and

1+e€ N1+ e€N are such that 2e = e = 02e =€ = 0and

m E .M E E. Let ". "X[:]Jl}"' "X[D_.l} al’ld ". "F[ﬂ_.l}"' "}?[DJI}be
rearrangement-invariant function norms. Then the following facts
are equivalent.

1+2E

H5e (2f)

1+2€

(1) The  inequality

=cx5l

vo.1) x(0.1)

1+2€

H5: (2f)

1+z2€

=C E" ’G"x{u,ﬂ holds for some constant C
¥(0.1)

Cand for every nonnegative f; € X(0,1)f; € X(0,1).
(i) The Sobolev trace embedding Tr:W™X(Q) — ¥V(Q,,.)
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Tr:WmX(Q) - Y(Q,,,) holds.

Table 3
e 12
Application of Theorem A for the operator H % H ¥ and domain
with cone property (see [20]). b Lt
() 1(0) G()
€ +2e+1 £ 42641 14e|gglte 142 1te 1t
L1+thma+f}]0g1+szma+f} L(1), [ log™L(0) (1+€)m132e" < log <
0<e<e (14¢)
426+l 42641 1€ gglte 142 14e 14
L1+thma+f}log1+ﬂffma+f} log L(Q)]L log ™“logl(0) (1+€)m-152e"¢ log e
0<e<2e log(1 +¢)
1426 14€] gl 142e-m(2 4e)
exp [F2E Mz () | =0, F*log’L(0) log t+2e-m (14¢)
1 <e
2+e 146, o~ (1+€)
expeplien(l), e=0e=1 [log™*logL (1) loglog(1 +¢)
142¢ mii+e) 14+€) o i+e ml1+e)
exp (L1+zf—mlug1+2f—m L) Qe=0 L"*“log" Llog ™“logl(1) log(1+ €)logm-1+2¢log

(1+¢)
1@ (m L1+Ef (m

Let 00 be a domain in RE*2RU2¢ with cone property,

meNm<1+2emeNm< 14 2¢ and consider again the
spaces

[Melog*eL(Q) L**€log*eL(Q) o r [**€log**logL(Q),e > 0
[**log**logL(0),e>0 and 1+e€R1+€€R or e=0
e=0and > -1e=-1. By[9, Theorem 5.2, Example 5.3
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andExample 5.4] we have
¢ el +2e+1 242641

[1+2e-ml1+e) lﬂg1+ZE—’m(1+E)L(ﬂ . 1,0 <e< e,
1+2¢
Tr: W™ elogh*eL() - exp LIF2e-mE+el (), ), €=0,0<¢,
1+2¢
exp exp Li#2e-m ((),,.), e=0,e =1,
VA (VR 0>e ore=0, 1>¢
and
et +2e41 e2+2e41

[1#2e-m(i+e)]ggl+ae-mli+e) loglg . ), 0<e<2e
et T T !

LM ltE A ltE 142¢ mil+e)
Tr: W™ L**<log**<logL() - exp(me_mlong_mL) 0.), €=0,

L*(Qy,), 0> e,
and the range spaces being optimal in the class of Orlicz spaces.

1tze 1toe
Now, using Theorem A for the operator H %€H %€ , one can
investigate the optimal Orlicz domains. The sitf4tiorns almost the
same as in case of Sobolev embedding and hence we just present
the results (see Table 3). Naturally, the optimality is attained only
in the subcritied cases.
5.4. Extension to other r.i. target spaces
Aswehave seen in Example 5.1 a) in the case when the optimality is
attained one can extend the positive result to other r.1. target spaces.

Let us now look closer on this phenomenon. Let (1 —€) (1 — €)
and (1 + €)(1 + €) be fixed and let L*(0,1)L#(0,1) be an optimal
Orlicz space rendering the relation Hi*S:L4(0,1) — M(0,1)

H*e:L4(0,1) - M(0,1)true, where M(0,1)M(0,1)is a given
Marcinkiewicz endpoint space. We know from Theorem A that
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not every Orlicz space is an optimal domain space, such spaces
are exactly those for which the supremum operator (1 —¢€),_.
(1 —€),_. is bounded on their associate space. However, we
can go the opposite direction. Suppose that L#(0,1)L4(0,1) is a

given Orlicz space such that the operator (1 —¢€),_(1—¢€);_.

is bounded on L4(0,1)L4(0,1). Now thanks to the result of [17],
the operator (1 —€);_.(1 —€),_. is bounded on some r.i. space
X'(0,1)X'(0,1) if and only if the X(0,1)X(0,1) is optimal r.i.
domain space for some r.i. target space . By Proposition 3.5, the

norm of the best r.i. target space, say ¥,;4(0,1)Y,4(0,1), is given by

(1 +.«_=}1+E

IIEﬂII A+e) [ Tf(1-ed(l—e)

{:11}

L“‘[u 1)

(1 +E]J.+E

1950y~ 0+ 0 8500000
The fundamental function of Y,4Y 4 say ¢,p, then satlsﬁ(es (cf.
(3.9)

o(l+e) =1+ E]‘E[“E}EEE((l + E:]_[l"'f})

~ (1+ E:}—E[1+E}A~—1((EE +2e+ 1:}—{1+E})

~ (1+ EJ—E[1+E}A~—1((EE +2e+ 1:}—[1+E}).

Moreover, to the given Orlicz spacel#(0,1)L#(0,1), we are able

to compute the appropriate Marcinkiewicz space M(0,1)M(0,1)
. If we take a look at the proof of Theorem B again, we observe
that in the case of optimality, (3.10) becomes actually equivalence,

therefore the fundamental function of M(0,1)M(0,1)is equivalent
to ¢¢. Consequently, we obtain that the space L4(0,1)L4(0,1) is
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the optimal Orlicz for every r.i. space ¥(0,1)¥(0,1) satisfying
Y,4(0,1) = ¥Y(0,1) € M(0,1)Y,4(0,1) €Y(0,1) € M(0,1).
Example 5.2. Let Q1) be a bounded Lipschitz domain in

R2+¢ e = 0,R?*? e = 0and 0 <=e <20 <e<2. One can

casily observe that (1 —€)_+ (1 —€)_1 isbounded on L1+ (0,1)

1+€ 1+e

LO*9(0,1), where (1+€) ="(1+¢€) = 1_:5 Then the

£

optimal r.i. range space for the operator H', H'. is the Lorentz

space L(1+E}*,(1+E} (D]IJL{1+E}’:J(1+E} (0, 1),1+Ewﬁér;e
2
D<e<26e=0,(14+¢) = 2eTt3erd
2e%43e+1

D<e<26ez=0,(14+€) =

. Its fundamental function

1 1

is equivalent to the power function (1 + €)0+e*(1 + g)r+e*
and therefore, for every fixed ,l1=se=oml<se<ow
,1=€e=w,0=<e=< m, the Lebesgue space L*(Q)L*=(Q) is
the largest Orlicz space which renders the embedding
W1L1+E(ﬁ] N L[1+E}*,EE(H)W1L1+E(Q) N L[1+f}*,25(ﬂ) true.
Similarly, for a given integer 0 < e < 260 < e < 2eand ,,

D =e=<owl <e<o, we obtain that L**¢(Q1)L1*¢(() is the

largest Orlicz space in

eZ+3e+l eZ+3etl
Wi*e(Q) & L - *F(QWHHE(Q) o L - ().
Conclusion
Finally we show that in general setting of rearrangement-invariant
(r.i.) Banach function spaces, such questions were investigated
using the method of reducing the Sobolev embeddings to the
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boundedness of an appropriate modification of the weighted
Hardy operator.In the setting of r.i. spaces, the optimal domain and
the optimal target spaces are then explicitly described. We have
also present some defenitions and all the basic facts about Young
functions and Orlicz Spaces. We use the easiest case of Sobolev
embeddings, namely those acting on John domains. We present
some applications in Sobolev embeddings on wider family of
subsets so-called Maz’ya classes. Our last applications concerns
the Sobolev trace embeddings.
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