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Digital Transformation and Online Direct Booking and Their Impact

on the Performance of Travel and Tourism Agencies in Sudan
( An Analytical Study)
Dr. Abdelfatah Abdelaziz Mohamed Ibrahim
Abstract:

This study aims to analyze the impact of digital transformation
and direct online bookings on the performance of travel and tourism
agencies in Sudan by examining the relationship between the growth
of online booking systems and changes in agencies’ revenues and
competitiveness. The research employed a descriptive—analytical
methodology, using a questionnaire distributed to a sample of 88
employees in travel agencies, and the data were statistically analyzed
using SPSS software. The findings revealed that direct online booking
has significantly reduced the revenues and profits of traditional agencies,
while also creating opportunities for improvement through adopting
digital solutions and developing proprietary applications. Weak
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digital infrastructure and the absence of clear strategic planning were
identified as major challenges. The study recommends establishing a
national digital transformation strategy for the travel and tourism sector,
developing human capabilities, and enhancing digital infrastructure to
strengthen the competitiveness and sustainability of travel agencies in
the digital era.

Keywords: Digital Transformation, Online Booking, Travel Agencies, Tourism.
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Effective mechanisms for Combating Administrative and
Financial corruption
Dr. Mohieldin Mohamed Abdelaziz Ali
Dr. Badwi Abdalla Elhag Ibrahim
Abstract
The research primarily aims to identify the effective strategies and
mechanisms for combating administrative and financial corruption, and
to articulate the role of these mechanisms in improving organizational
performance and enhancing integrity and transparency. The study’s
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significance lies in its endeavor to reveal the mechanisms stipulated by
agreements and legislation for combating corruption, which is achieved
by understanding the strategy to confront this phenomenon. The study
adopted the descriptive-analytical methodology, in addition to the
comparative methodology, to analyze the concept of corruption, its
causes, effects, and consequences. The research problem was centered
on the fact that most countries stipulate in their legislations that the state
enacts laws and establishes institutions to curb corruption; however,
there are always obstacles hindering the implementation of judgments
issued against those involved in all forms of corruption. This situation
has posed a number of questions that the study sought to answer.
Corruption has numerous and overlapping types and forms that are
constantly changing and evolving. Jurisprudence has relied on several
criteria to define these types, including assessing corruption based on
the individuals involved in terms of its size, prevalence, and the domain
in which it spreads. The paper recommended several points, including
raising community awareness about the dangers of corruption and its
economic impact on development and progress; accelerating the trial of
corruption perpetrators and imposing deterrent penalties and sanctions
commensurate with each act of corruption, limiting its appearance, and
making them public to all; and the necessity of activating the role of
civil society and non-governmental organizations in fighting corruption.
Keywords: Anti-Corruption - Administrative Corruption - Financial
Corruption - Anti-Corruption Mechanisms - Anti-Corruption Strategies.
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Digital Drugs: Scientific, Medical, and Legal Facts
Dr. Ahmed MohmmedNor Ejail
Abstract

This study broadly explores the challenges posed by modern
technology and its impact on individuals and society—particularly in
light of a new and gradually emerging threat known as digital drugs.
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This phenomenon primarily arises from excessive and improper use of
contemporary technologies, especially the Internet, and poses a growing
risk to adolescents and young adults. The study seeks to address several
common questions related to digital drugs. Its objectives include
clarifying the true nature of digital drugs, uncovering the scientific and
medical realities surrounding them, assessing their potential harm to
human health, and comparing their risks to those of traditional drugs.
Furthermore, it highlights international efforts to combat and prevent
their spread and emphasizes the current lack of legal frameworks or
legislation addressing this issue. The study found that there is currently
no phenomenon known as “digital drugs”; rather, it is an addiction to
repeatedly listening to audio clips and music. Presently, this is considered
purely a psychological phenomenon, and the widespread fear associated
with it is unjustified. It has not reached the level of causing brain damage
comparable to that caused by traditional drugs. Moreover, there are no
existing international or Sudanese laws criminalizing digital drugs. The
study recommends blocking websites that promote digital drugs through
coordination between the Ministries of Communications and Interior.
It also calls for enhanced collaboration with the media, Ministry of
Education, universities, and religious institutions to address technology
addiction through awareness campaigns. Additionally, the study
emphasizes the importance of parental supervision of children’s internet
usage and the implementation of effective monitoring mechanisms to
restrict access to harmful content.
Keywords: Traditional Drugs, Digital Drugs, Websites, Drug Addiction,
Digital Addiction, Drug Enforcement.
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The Role of Joint Auditing in Improving the Quality of Accoun-
ting Information
(Field study on the National Audit Bureau)
A.Sadam Norein Hmad
Prof. Mustafa Najm Al-Bashari Ali
Abstract:

The study dealt with the role of joint auditing in improving the
quality of accounting information . The problem of the study consisted in
the following questions: What is the extent of the impact of joint auditing
on the adequacy of accounting information?, What is the extent of the
impact of joint auditing on the reliability of accounting information.
The study aimed to show the extent of the impact of joint auditing
on the adequacy of accounting information, to identify the impact of
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joint auditing on the reliability of accounting information. The study
followed the descriptive analytical approach. I reached several results,
including that the joint audit helps to provide accounting information
that facilitates the comparison process and can easily verify its validity
and credibility, and the existence of a degree of correspondence between
the measures and the phenomena to be reported on reflects the credibility
of the accounting information. The study recommended the following:
It is necessary to apply joint auditing programs extensively in various
companies. Joint auditing should be applied to help provide accounting
information that facilitates the comparison process and can easily verify
its authenticity and credibility.
Keywords: Joint Audit, Accounting Information Quality System, Relevance,
Suitability, Commercial Banks
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Administrative Communicatyon in achieving the quality of decisions
(By application to the Sudanese Company for Duty Free Zones
and Shops — Red Sea State)

(2012 —2022)

Khalid Ali Mahammad nooh A.
Dr. Mahammad Ebrahem Omar

Abstract:

The study addressed the impact of administrative communications
on achieving decision quality to improve employee performance ,with
application to the Sudanese Company for Areas and Free Markets
.The research problem is represented by answering the following
main questions :Main Question :What is the impact of administrative
communications on the relationship between decision quality and
improving employee performance in the Sudanese Company for Areas
and Free Markets L.td?Sub-questions: What is the relationship between
administrative communication patterns and achieving administrative
decision quality ?Is there a relationship between types of administrative
communication and achieving administrative decision quality ?What
is the relationship between elements of administrative communication
and achieving administrative decision quality ?The study aimed to
analyze the effectiveness of administrative communication patterns
in achieving decision quality to improve employee performance in
the company ,study the relationship between types of administrative
communication and achieving decision quality to improve employee
performance in the company , understand the impact of administrative
communication elements on achieving decision quality to improve
employee performance in the company ,and then identify the nature of the
administrative communications used in the company .The study tested
the following hypotheses : There is a statistically significant relationship
between administrative communication patterns and achieving decision
quality to improve employee performance in the company .There is a
statistically significant relationship between types of administrative
communication and achieving decision quality to improve employee
performance in the company .There is a statistically significant
relationship between elements of administrative communication and
achieving decision quality to improve employee performance in the
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company .The study followed the descriptive analytical method and
the historical method .Statistical analysis was conducted using SPSS
.Among the most important results of the study is the existence of a
relationship between administrative communication patterns and
achieving decision quality to improve employee performance in the
company , as well as a relationship between types of administrative
communication and achieving decision quality to improve employee
performance in the company . Written communication meets the
aspirations of employees ,as it has contributed to the success of services
in the company .The company prepares good programs to develop
informal and cross-sectional communications that are characterized
by comprehensiveness and accuracy.The study recommended several
points , including continuing to develop written communication to
ensure more success for services in the company ,focusing on developing
electronic communication methods to ensure the required development
of communication patterns in the company , preparing good programs
to develop informal and cross-sectional communications to be
comprehensive and accurate ,and increasing communication channels
and their usage .
Keywords: Administrative Communications, Definiton of administrative
communications, Communications process elements, Quality of decisisons,
Administrative decisisions
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The impact of tax evasion on state tax revenue in the context of

sustainable development: A field study on a sample of taxpayers in

(unified tax centers — Sudan)
(2024- 2025)
Dr. Khalid Shoaib Hussein
Dr. Khalid Mohamed Adam
Abstract:

The study discussed the impact of tax evasion on the tax proceeds
of the state in the light of sustainable development, where the problem
was the emergence of many cases of manipulation in tax returns
submitted to tax administrations in order to circumvent and evade
fulfilling financial obligations towards the state, the study aimed to
determine the extent to which taxpayers are aware of tax evasion and to
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reduce it, The study focused on identifying the role of tax legislation in
combating tax evasion and urging taxpayers to recognize the importance
of taxes and their role in achieving sustainable development. The study
reached a number of conclusions, the most important of which are:
sustainable development is affected by the financial situation of the
taxpayer, and sound government spending of tax revenues limits tax
evasion. The study recommended flexible application of tax laws to
encourage taxpayers to voluntarily pay tax obligations. Awareness of
the dimensions of sustainable development encourages taxpayers not
to evade tax.
Keywords: Tax Evasion, Tax Revenue, Sustainable Development, Tax
Legislation, Tax Declarations.
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The Impact of Human Resource Management Practices on
Enhancing Job Performance Efficiency:

Localities Damer and Atbara in Teachers on Study Applied An
(2016 -2020)
Dr. Mohamed Albasher AlBadawi
A.Najwa Salah Abdalla
Abstract:
This study aims to analyze the impact of Human Resource
Management (HRM) practicesIn wages, incentives, promotion, transfer,
and performance evaluation on improving job performance efficiency
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at the Ministry of Education — River Nile State, Sudan. The research
highlights the critical role of HRMIn aligning individual needs with
institutional objectives within the context of public education in Sudan.
The study employs a descriptive-analytical approach based on literature
review and an applied view of the ministry’s actual conditions. The
findings reveal a strong positive relationship between HRM practices and
employee performance efficiency. Fair wage systems and non-financial
incentives significantly enhance job satisfaction and commitment, while
merit-based promotion and transfer policies sustain high performance
levels.The study recommends restructuring the wage system to reflect
living standards, implementing regular and comprehensive performance
evaluations linked to real productivity, and activating professional
development programs for both teaching and administrative staff.
Keywords: Human Resource Management, Wages, Incentives, Promotion,
Transfer, Performance Evaluation, Job Efficiency, Sudan.
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The Legal Guarantees for a Fair Military Trial in the Pre-Trial
A.Nazar Omar Mohammed Ahmed
Dr. Adil Alagib Yagob
Abstract:

The study addressed the pre-trial phase in military justice as
one of the most sensitive stages of criminal procedure, where the
requirements of military discipline intersect with the guarantees of
justice. The problem of the study was the extent to which the procedures
adopted at this stage safeguard the rights of the military accused. The
importance of the study stemmed from the need to enhance confidence
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in the military justice system and ensure respect for constitutional
principles and human rights throughout the pre-trial process. The study
aimed to clarify the legal safeguards afforded to military defendants
prior to referral to trial and to determine whether those safeguards are
consistent with the fundamental principles of a fair trial, whether under
national legislation or in light of relevant international standards. The
study adopted the descriptive and analytical method in reviewing and
analyzing the applicable legal provisions, supported by elements of
comparative assessment.The study reached a number of conclusions,
the most important of which is that strengthening pre-trial guarantees
does not conflict with the nature of military justice; rather, it increases
its effectiveness. Although the military justice system generally seeks
to respect the principles of justice and fair trial, there remain practical
challenges that limit the effectiveness of these safeguards, such as
lengthy pre-trial detention and the lack of independence of investigative
bodies. The study recommended, inter alia, raising awareness among
military police officers regarding the rules of arrest and search, ensuring
accountability for violations, and providing specialized training to
military prosecutors in the fields of investigation and human rights.
Keywords: Military Justice — Pre-trial Stage — Legal Safeguards — Criminal
Justice — Rights of the Accused
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Social Media and its Impact on Viral Marketing Applied to faculty
members in the following faculties: Economics and Administrative
Sciences, Engineering and Technology, and Computer ScienceNile
Valley University — Sudan (January 2025 - May 2025)
Dr. Al-Rasheed Mohammed Hafzallah Khalifa
Abstract:
The importance of the study came from its treatment of a scientific
topic that appeared recently in 1994, which is viral marketing, and
accordingly the study targeted faculty members in three faculties

“ 02025 10013--40 1447 00)4 Al saloa- og=u yydllgguabudl 2dell-digiomugy Jﬁn.‘u.oa.;.n.l.:-,pjl.z'\.lliﬂ;o




220251033~ 14471ny-5padll saloa- g yydllguabiudl 2aell-digisugy J&.nianﬁ*nl.:-,ojl.fillﬁl;.\o

Aighl (1 3Y1 p glally SLalBY) (LU oty Wi slidel e Gudaitly g pdll G gucills 1 )S15 g olatin ¥ Juol g Sl g

affiliated to Nile Valley University, namely: the Faculty of Economics
and Administrative Sciences, the Faculty of Engineering and Technology
and the Faculty of Computer Science. The main question of this study was
about social media and its impact on viral marketing. The study aimed to
identify how social media affects viral marketing, and the study model was
designed on how social media affects with viral marketing. The study was
conducted according to the descriptive-analytical method and the content
analysis method in the light of the hypotheses of the mentioned model.
The sample size was (58) for the purposes of the study. The study reached
anumber of results, including: most of the sample members are males and
are limited to the age group of 40 years and above, and the scientific ranks
of most of the sample members are lecturers and assistant professors. As
for years of experience, we find that all the sample members have years
of experience of 5 years or more, through the results, it was observed
that the faculty members of the Faculty of Economics and Administrative
Sciences are the most involved in the study. WhatsApp came first as
the most affected social media by viral marketing, accounting for 81.4
%, then Facebook with 59.4 %, and finally YouTube with 55.4 %, the
study reached a number of recommendations, including: WhatsApp users
should maintain this leadership, and the researched faculty members
should add new applications such as Telegram.
Keywords: Social Media, Viral Marketing, Faculty Members. Faculty
of Economics and Administrative Sciences, College of Engineering and
Technology, College of Computer Science.
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WhatsApp MARKTING

Spearman’s rho WhatsApp Correlation Coefficient 1,000 611,
(Sig. (2-tailed . 000.
N 58 58
MARKTING Correlation Coefficient **611. 1.000

(Sig. (2-tailed 000.
N 58 58
.(Correlation is significant at the 0.01 level (2-tailed .**
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Correlations
FEAC MARKTING

Spearman’s rho FEAC Correlation Coefficient 1.000 #£849.
(Sig. (2-tailed 000.
N 58 58
MARKTING Correlation Coefficient **849. 1.000

(Sig. (2-tailed 000.
N 58 58
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NDVI-based land surface greenings spatial extent
variability analysis

(2014-2024) in Sheikan Locality — Sudan
Dr.Aisha A. ELdosogi University of Kordofan

Prof. AbdElaziz E. Elshiekh Mohammed University of Khartom

Dr. Ibrahim M. Eltom Ibrahim University of Kordofan

Abstract:

The NDVI generated from multi-spectral data of Landsat enabled
to depict the spatial variability of the land surface vegetation greenness
conditions. The main objective of the current study is to assess land-
scape vegetation greenness in Sheikan locality, North Kordofan, Sudan
based on the seasonal NDVI image differencing (2014 -2018 — 2024).
Remote sensing data (landsat-8 OLI) of 2014, 2018 and 2024 seasons
were obtained from USGS web. Two GIS softwares were used for pro-
cessing the NDVI analysis, which are ArcMap 10.8 and Erdas Imagine
2015. The results showed that the NDVI minus values ranges are — 0.3 1
to 0.01, - 0.34 to 0.01, and — 0.31 to 0.02 for the years 2014, 2018
and 2024 respectively. The maximum values are calculated for the fifth
class that classified as very high NDVI greenings showed slight varia-
tion in area coverages to be 0.18-05, 0.18-49, and 0.18-48 in 2014, 2018
and 2024 respectively. NDVI image differencing interpreted using pair
periods analysis (2014 — 2018), (2014-2024) and (2018-2024) showing

positive and negative changes.

Keywords: NDVI | greenness , landsat-8 , image differencing
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1-Introduction:

Seasonal vegetation cover change is one of the continuous updat-
ing environmental issues affecting the nature of landscape at different
spatial extents. Reliance on field survey data alone is limited to monitor
a comprehensive and accuracy vegetation cover changes at a regional
scale, particularly, if the area is inaccessible to be traversed regularly.
Obtaining satellite imageries and using NDVI index is a perfect for
comprehensive coverage of historical as well as current vegetation con-
ditions.

Timely monitoring vegetation cover change has always been a
top priority for evaluation environmental degradation. This argument
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is true as the changing land surface occurred as the result of human in-
duced activities that affecting the forest and trees by all means of cutting
and clearance. Seasonal vegetation conditions varies and influenced by
many factors such as the annual amount of rainfall effectiveness and
distribution of the rainfall and the capability of the soils to preserve the
moisture content.

Determination of landscape green cover associated with the cli-
matic and anthropogenic factors, wasn’t been recently phenomenon.
Since the human practiced their activities, vegetation cover quality is
continuously degraded. Natural forests and grazing lands capacities
were exposed to permanent seasonally changes. In monitoring vegeta-
tion cover conditions, it is effective and recommended to use satellite
data and NDVI of spectral indices. The possibility of using satellite
monitoring operations is that it has online free access to obtain satellite
imageries with 30*30 spatial resolution for Landsat 8 OLI kevel 2. This
image spatial resolution is good for processing NDVI to determine the
conditions of the land surface greenings.

Remote sensing help solving the complex spatial coverage to mon-
itor or inventory change in vegetation cover and land use transforma-
tions. Remote sensed data covered vast areas instead of surveying only
sample areas to represent the target problem. Due to increase of both
spatial (from km to cm) and spectral resolution (from wide band range
to narrow band) of remote sensing data, it is possible to work in micro
level. Satellite images are required to prepare NDVI by the GIS soft-
ware. It is an indicator of vegetation health (Sumanta Bid, 2016).

Spectral indices among them NDVI have significant benefits on
depicted quality of vegetation cover conditions change. This paper in-
terested on NDVI calculation to evaluate quality of greenness using
NIR and Red channels of Electromagnetic spectral (EMS). Most of the
vegetation indices can potentially use to extract image greening occur-
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rence against surrounding barren or less vegetated lands.

For NDVI, Spatio-temporal remote sensing data can be used for
the assessment of the land surface greenings. Spatial indices are many,
and each has its specified spectral channels to derive NDVI, NDWI,
NDBI, VCI and others. As stated by Jensen (2000), Landsat TM spec-
tral channels are chosen specifically to map vegetation type, soil mois-
ture, and other key landscape features.

Matthias et al., 2013 determined the trend change detection in
NDVI time series and discussed the effects of Inter-annual variability
and methodology. They stated that trends from NDVI time series differ
substantially depending on analyzed satellite dataset. Many authors as-
sociated NDVI method with the land cover classification and mapping,
such as the study of Yuhao et al., 2018 that studied land cover mapping
using random forest classification and incorporating NDVI time-series
and texture. Urban vegetation classification with NDVI threshold val-
ue method with very high resolution (NHR) imagery was studied by
Haslina et al., 2019. They were associated the use of Pleiades imagery
to extract the data of urban vegetation. Mohamed et al., 2019, demon-
strated the evaluation of the classification accuracy of NDVI index in
the preparation of land cover map. In (2020), Kiranmai et al., studied
the land cover classification using NDVI index in ArcGIS environment.
NDVI data processed were Landsat 8 for different dates from which
they derived NDVI values. Jayanand and Mehmet (2020), studied the
temporal NDVI change detection using Modis imagery. They analyzed
vegetation change detection between 2001 and 2016 using Terra Modis
13A3 monthly 1 Km resolution time series data. Urooj et al., 2020,
examined the potential of vegetation index (NDVI) for land use/cov-
er classification using Landsat 8 data. Hamideh et al., 2020, used the
NDVI approach to estimate the greenness and evapotranspiration of ur-
ban green spaces. Samnel and Hanna (2023), published a paper about
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the analysis of vegetation change using satellite imagery and NDVI.
Also change detection vegetation cover by NDVI technique using GIS
and RS in the agricultural region was studied by Intessar (2023). The
integration of Landsat time series vegetation indices improves consis-
tency of change detection has been examined by Mingxing et al., 2023,
as they considered the spatial and temporal consistency of the VIs (EVI,
NBR, NDMI and NDVI). The index of NDVI has been used by her to
measure the area of vegetation cover for filed and protected agricultural
crops grown under normal sub light. They performed important topic
that related changes landuse due to increasing residential at expense
of agriculture and surface green land. Claive et al., (2024), depicted
change in observed long term greening evidence from a three decades
NDVI time series and its relationship with climate and land cover. In
2024, Muthi et al., examined the vegetation change using NDVI. They
computed NDVI using Landsat 7 ETM and Landsat 8 OLI data from
2003 to 2023. They calculated the areas classified classes per hectares
and interpreted the differencing.

2-Problem identification:

The problem of this research is exclusively environmental
one that related to the biogeographical settings of the land surfac-
es. The main product of the forest is the trees that exposed daily
to illegal cutting caused environmental degradation to the compo-
nents of the vegetation cover.

3- Study area:

The study selected one of the most important localities in West-
ern Sudan. Geographical area of the Sheikan locality is located in the
center of North Kordofan State, Sudan. Latitudinal and longitudinal ex-
tensions of the locality is 12° 13’ E to 14° 25 N and 29° 35’ to 30° 30°
E. the total area of the locality is 8.312 square kilometers that bound-
ed by UmRuaba on east, bara locality on North, Al-Nuhud locality on
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west and El-Dialing on South. The locality subdivided into four rural
councils includes Abu Haraz, Kazgiel, Khor Tagat and Um Usheria that
vary in their areas. Fig (1). The area of study is a part of the semi-arid
climate. The annual mean rainfall is 354 mm with rain peak on Sep-
tember, while the mean annual temperature is 23 C min (Jan) and 43 C
in summer (May). The vegetation of the study area is diverse with its
difference components; forests, shrubs, herbs, and grassy lands. For-
ests surroundings towns had been exposed to severe degrading signs
due to new urban extensions. The common tree species are ........... ,
.............................................. , while the seasonal water bod-
ies species are the annual shrubs and grasses.
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Fig (1): The study area — Sheikan Locality — Sudan
4-Methodology:

The standard function of the NDVI method is utilized to derive quantita-
tive assessment of land surface greenness that monitor areas’ sub-divisions
NDVI value changes during period (December 2014, 2018 and 2024). The
methodology outlined in this study based on the structure for the operations
of the NDVI index processes. It also depends on the implementation for the
satellite image pre-processing and the identification of particular space and
time. Fig (2) presents the methodological workflow showed the steps of pro-
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Fig (2): Flow Chart of research methodology

4-1 Data preparation:

Satellite imagery refers to significant data which is commonly used
in extracting change values of land cover (Nath B et al., 2014). An im-
portant step in the utilization of satellite data to monitor change is the
ability to compare images from different dates, for different plots on
different scenes (Coops et al., 2008).

The multi-spectral data collections from Multi-spectral Remote
Sensing provide resourceful information and an improved perspective

on Earth’s environment, (Ahmadi H et al., 2012). Remote sensing data
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can image the land in different intervals at different resolutions, so they

provide the necessary information quickly, and in a trustworthy manner
(OZYAVUZ, 2015).

Satellite data used are downloaded from the USGS web site for land
sat -8 (OLI). Landsat-8 is the main source of data used. Path and Row
for this study is identified from the spatial extent of Sudan Index shape
file (174/51 and 175/51) indicated that the area is covered by two scenes
Fig (3). Table (1) shows the image bands characteristics, while table (2)
shows the main specifications and features of the downloaded images

used for NDVI analysis.
Table (1): Landsat-8 OLI characteristics

band Band name Wavelength mm Charalcl?;:lstlcs )
1 Coastal aerosol 0.45-0.43
2 Blue 0.51 — 0.45
3 Green 0.59 - 0.53
4 Red 0.67 — 0.64
5 (Near Infrared (NIR 0.88 — 0.85
6 SWIR 1 1.65 - 1.56
7 SWIR 2 2.29 -2.11

Table (2): Main landsat-8 data features

Date | Path/Row | Month | Projection | Datum | Zone | Pixel size
2014 174/51 30/12 UTM WGS84 36 m 30*30
175/51 21/12 UTM WGS84 36 m 30%30

2018 174/51 25/12 UT™M WGS84 36 m 30%30
175/51 16/12 UTM WGS84 36 m 30%30

2024 174/51 25/12 UTM WGS84 36 m 30%30
175/51 24/12 UTM WGS84 36 m 30*30

The landsat-8 OLI images used in this paper is a subset image

extract from entire Landsat acquired December 2014, 2018, and
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2024 over North Kordofan State. Each pixel in these OLI data
presents 30x30 square meter that indicated the spatial resolution
with seven multispectral bands. The data of the three seasons has
good quality and directly used for processing NDVI.

4-2 Methods of Analysis:

This concerns the image processing software used for analyzing
data used. Erdas imagine for digital image processing 2015 and ArcGIS
for GIS analysis 10.8 software are used. ArcGIS was mainly applied for
pre-processing such as sub setting the AOI and built the attributes table
with new data as required for the NDVI assessment area calculations.
In addition, the Arc map software was used for computing NDVI using
Map Algebra — Raster calculator. Erdas imagine help in mosaicking the
images and visual interpretations.

For the benefit of the NDVI outputs in order to interpret land sur-
face greenings variability, images were reclassified using spatial analyst
tools (reclassify function) in ArcMap 10.5 environment. For the assess-
ment of vegetation cover greenness, NDVI Index is used in this study
at five different ranges represented the map identified five classes. Each
class has its low and upper limits that indicates the NDVI minimum and
maximum values.

4-2-1 Spectral indices:

This related to the process of electromagnetic energy during
the operation of satellite band formations. As the image consists of
multi bands, these bands can be combined to give different features.
Vegetation indices calculated from satellite images can be used for
monitoring temporal changes associated with vegetation (Ehsan and
Kazem, 2013 ).
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4-2-2 NDVI index:

Normalized Difference Vegetation Index (NDVI) was developed by
W. Rose and colleagues in 1973. NDVI classified as a multi facets tech-
nique that to monitor, measure, quantify and depict vegetation cover
changes, biomass production from satellite data. The main function of
this index is to depict landscape greenness via measuring the difference
between Near-infrared and Red light.

It is an important index of vegetation widely used in research on
global climate and environmental change (Gao et al., 1996). The NDVI
map is ordinarily used for the investigation of vegetation vigour and
coverage on the ground (Keiji Osaki, 2000). The development of vege-
tation indices from brightness values is based on the differential absorp-
tion, transmittance, and reflectance of energy by the vegetation in the
red and near-infrared portions of the electromagnetic spectrum (Derring
and Haas, 1980; Lyon and McCarthy, 1995; Jensen, 1996

The NDVI parameters represent the main functions of the NDVI,
which are input raster (the multispectral raster); visible band ID (iden-
tifies the band ID that represents the red extent of the EMS); and infra-
red band ID that identifies the band ID represent near-infrared range of
EMS.

In general, NDVI described by many characteristics such as, it’s a
grade for plants, it is easy to calculate, it is used universally and it’s a
simple statistical indicator for synthetically active radiation (Kunkel et
al., 2011; Demirell et al., 2010; Zhang et al., 2009). It is one of the most
effective spectral indices related to plant greenness associated to photo
synthetically active radiation (AAR).

Though it is the high significant index for vegetation index, there are
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many factors affecting the NDVI, such as atmospheric conditions, sat-
ellite geometry and calibration and other vegetation structure such as
crop canopy (Holben, 1986).
4-2-3 NDVI calculations:

It is a simple equation that calculate the NDVI values, which range
from — 1 to + 1 used as satellite image-based proxy for vegetation pat-
tern (Zhang et al., 2009; KunKel. 2011).

The wider familiar of the NDVI calculation is the equation that comput-
ed using NDVT algorithm. The NDVI outputs are the matter of subtracts
the Red reflectance value (B/4) from the near-Inferred (B/5) divided by
the sum of (B/5) and (B/4).

The explanation of this equation is that IR represents pixel values from
the infrared band, while R represents pixel value from the red band.

If the area characterizes low reflectance (or low value) in the Red
channel and high reflectance in NIR channel, this gives a high NDVI
value. On the other hand, the high reflectance (or high value) in the Red
channel and low reflectance in NIR channel, this produces a low NIR
value.

There are specific bands that used from the standard spectral indices
through formula using NIR (Near Infrared) and Red wavelength of the
electromagnetic spectral. The default equation used to calculate NDVI
and derive the rating values outputs is:
NDVI= (NIR - Red)/(NIR + Red)
Landsat-8 = (B/5—-B/4)/(B/5+ B/4)
NIR represents the spectral reflectance in near-infrared band
and R represents Red band
Band 5 NIR (0.85 — 0.879 mm)
Band 4 Red (0.636 — 0.673 mm)
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3-1-5 Colour Ram used:

To bring the NFVI image outputs into effect, this require a certain type
of formatting includes colour specification that match the value ranges,
which indicated the amount of greenness. The NDVI classes were clas-
sified and each class has its identifiable colour that suit its NDVI value
ranges management based on colour ram index that gives observational
values of the RGB presented in table (3).

Table (3): Specifications of the colour ram used

for NDVI classification
Colour RGB colour value ranges

Classes name R G B
1 Ultra blue 0 77 168
2 Ginger Penk 255 115 223
3 Solar Yellow 255 255 0
4 Medium apple 76 230 0
5 Pecoock green 0 115 76

3-1-6 NDVI Interpretation:

As far as the vegetation components are concerned. Malo et al., 1990
stated that this index measures the capability of leaves, which evaluate
the health and unhealthy vegetation cover. NDVI interpretation is based
on the outputs calculated that ranging from -1 to +1. Positive values dif-
fer in their components of health dense vegetation to sparse coverages.
Dense vegetation yields high NDVI positive values, while sparse sur-
faces showed low NDVI positive values. Different researchers and au-
thors have different interpretive scale for evaluation. Table (4) presents
the scale label used for this study to present the classified classes with
interpretive language that indicated the actual land surface greenness

conditions based on NDVI values.
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Table (): NDVI interpretation scale used

Range of NDVI Value Object Names
to-0.010.02 - No or less greenings
to 0.120 Low greenings
t0 0.140.13 Medium greenings
t0 0.16 0.15 High greenings
t0 0.500.17 Very high greenings

5- Results and interpretation:

After data was downloaded the second step was to do pre-pro-
cessing operations such as extraction of the study area using extract
by mask and processed NDVI using Map Algebra (Raster Calcu-
lator), and then mosaicked the NDVI images (174/51-175/51) in
Erdas Imagine software.

The NDVI values are categorized into five different classes
ranges from minimum (in all cases indicated the minus value), and
the maximum that have positive high value. The classes labeled no
or less, low, medium, high and Very high greenings, with specific
values differ from season to another. In general, the high NDVI
values indicated the good and healthy vegetation on earth surface
and the lower NDVI values depicts the less surface greenings.
5-1 NDVI statistical analysis:

The output of the reclassifying NDVI images attached descrip-
tive statistical results of an image that showed the range of the
NDVI max and min values (the lower limit of the first class and
upper limit of the fifth class). Total number of the pixels, mean and

standard deviation are main statistical parameters obtained from

image classification output process.
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5-1-1 2014 image-based NDVI statistical analysis:

In 2014 there are variation in the minus NDVI values across the study
area sub-divisions as presented in table (5). From the table Um Ushe-
ria has (-0.16) the near - 0 value followed by Kazgiel (-0.23), Khor
Tagat (0.24) and Abu Haraz (-0.31). The overall statistics of the locality
showed — 0.31 as the minimum value for the whole area with maximum
NDVI value (0.50), with the mean of 0.143 value, compared with the
means of the Abu Harz, Kazgiel, Khor Tagat, and Um Usheria, which
are 0.133, 0.131, 0.121 and 0.143 respectively. The maximum NDVI
value over the area is occurred in Kazgiel rural council (0.50) compared

with the Khor Tagat (0.48), Um Usheria (0.40) and Abu Harz (0.38).
Table (5): 2014 NDVI reclassified Statistics

Councils No. of pixels % Min Max mean STD
Abu Haraz 4461908 0.31- 0.38 0.133 0.019
Kazgiel 1961177 0.23 - 0.50 0.131 0.022
Khor Tagat 2388659 0.24 - 0.48 0.121 0.020
Um Usheria 606130 0.16 - 0.40 0.143 0.016
Overall Locality 9417874 0.31- 0.50 0.143 0.023

5-1-2 2018 image-based NDVI statistical analysis:

In 2018 there are variation in the minus NDVI values across the
study area sub-divisions as presented in table (6). From the table Um
Usheria has (-0.14) the near - 0 value followed by Kazgiel (-0.25), Khor
Tagat (0.29) and Abu Haraz (-0.34) showed slight increased differences
with same values in 2014. The overall statistics of the locality showed
— 0.34 as the minimum value for the whole area with maximum NDVI
value (0.49), with the mean of 0.136 value, compared with the means of
the Abu Harz, Kazgiel, Khor Tagat, and Um Usheria, which are 0.145,
0.129, 0.126 and 0.136 respectively. The maximum NDVI value over
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the area is occurred in Um Usheria (0.49) rural council compared with

Kazgiel (0.46) the Khor Tagat (0.46), and Abu Harz (0.41).
Table (6): 2018 NDVI reclassified Statistics

Councils No. of pixels % Min Max mean STD
Abu Haraz 4461914 47.34 | 0.34 - 0.41 0.145 0.025
Kazgiel 1961161 20.81 | 0.25- 0.46 0.129 0.029
Khor Tagat 2388667 25.35 | 0.29- 0.46 0.126 0.023
Um Usheria 612644 6.50 | 0.14 - 0.49 0.136 0.016
Locality 9424380 100 | 0.34 - 0.49 0.136  0.025

5-1-3 2024 image-based NDVI statistical analysis:

In 2018 there are variation in the minus NDVI values across the study
area sub-divisions as presented in table (7). From the table Um Usheria
has (-0.12) the near - 0 value followed by Abu Haraz (-0.27), Kazgiel
(-0.29), Khor Tagat (- 0.31) and showed slight increased differences
with same values in 2014 and 2018. The overall statistics of the locality
showed — 0.31 as the minimum value for the whole area with maximum
NDVI value (0.48), with the mean of 0.135 value, compared with the
means of the Abu Harz, Kazgiel, Khor Tagat, and Um Usheria, which
are 0.138, 0.135, 0.128 and 0.141 respectively. The maximum NDVI
value over the area is occurred in Kazgiel (0.48) rural council compared
with Khor Tagat (0.45) the Abu Haraz (0.48), and Um Usheria (0.48).

Table (7): 2024 NDVI reclassification Statistics

Councils No. of pixels % illg Max mean STD
Abu Haraz| 4461895 4740 | %% | o038 0.138 0.019
Kazgiel| 1961169 2083 | %% | o048 0.135 0.028
Khor Tagat| 2388675 2537 | 93| o0as 0.128 0.025
Um Usheria| 602129 640 |92 | o3s 0.141 0.013
Locality 9413868 100 |%31°| o048 o135 0.023
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6- Image-based NDVI surface area analysis:

The NDVI rating value ranges converted for assessment as
no or less, low, medium, high, and a very High greenings. For as-
sessing the variation in surface covered by greenings based on the
study area sub-deviations (rural councils), area calculated based
on the number of pixels (counts) in the attribute tables for each
of the classes. Each count is an area of 30*30 square meters as
informed from the image properties. Each class counts were multi-
plied by the 900 m?, and also calculated per hectare. Using figures
and tables created we can interpret the variation of NDVI values
for different changes based on study area sub-divisions.

6-1 Overall NDVI surface area analysis:

Fig (4) and tables (8 —a-b-c), represented the three seasons varia-
tion in area covered by greenings as calculated from the reclassi-
fied NDVI images. The first class showed the less area covered by
greenings 421.92, 466.83 and 469.89 hectares in 2014, 2018 and
2024 respectively. In 2018 and 2024 the area covered by green-

ings correspond to the first class is nearly similar, while in 2014 is
lesser by about 421.92 and 47.97 hectares from that in 2018 and
2024 respectively. The large area covered by greenings in 2014 is
class 3 (medium greenings) 300072.6 (35%), while in 2018 it’s also
class 3 has an area of 332225.46 hectares (39%) and in 2024 is also
class 3 383758.11 hectares (45%). This indicated that class 3 (medium

greenings) is dominant area.
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Fig (4): NDVI seasonal variability (2014-18-24)
Table (8- a): Sheikan Locality NDVI Surface area statistics (dec-2014)

T
1360000

class | number of pixels AREAM2 AREA_HA | PERCENT
1 4688 4219200 421.92 0
2 1854238 1668814200 166881.42 20
3 3334140 3000726000 300072.6 35
4 3203141 2882826900 288282.69 34
5 1021667 919500300 91950.03 11
Table (8 -b): Sheikan Locality NDVI Surface area statistics (dec-2018)
classes No. of pixels AREAM?2 AREAHA PERCENT
1 5187 4668300 466.83 0
2 2010403 1809362700 180936.27 21
3 3691394 3322254600 332225.46 39
4 2930203 2637182700 263718.27 31
5 787199 708479100 70847.91 8

Table (8-c): Sheikan Locality NDVI Surface area statistics (dec-2024)
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Classes | No of pixels AREAM2 AREAHA PERCENT
1 5221 4698900 469.89 0
2 1515808 1364227200 136422.72 16
3 4263979 3837581100 383758.11 45
4 3286610 2957949000 295794.9 35
5 342250 308025000 30802.5 4

6-2 2014 Sub-divisions NDVI surface area analysis:

Considering the information in Fig (5) and Table (9-a-b-c-d), class

1 ‘no or less greenings’ showed variable NDVI areas per hectares. Um

Usheria showed large area classified as no or less greenings (5257.3)
ha, followed by Khor Tagat (199.8) and Abu Haraz (135.7) and of less

area occurred in Kazgiel (14.4).
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Fig (5): 2014 Sub-divisions NDVI surface area (ha)

Class 2 ‘low greenings’ indicated that Abu Haraz occupied less

area correspond to greenings as classified as low greenings (134.37)

hectares. The larger area classified as low greenings is in Khor Tagat
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(65665.3) hectares, followed by Kazgiel (51977.07) and Um Usheria

(1749.96) hectares.
Table (9 -a): Abu Haraz Rural Council NDVI statistics -2014

Classes No. of pixels AREAM2 AREA_HA PERCENT
1 1485 1336500 133.65 0
2 1493 1343700 134.37 0
3 829998 746998200 74699.82 19
4 2217773 1995995700 199599.57 50
5 1411159 1270043100 127004.31 32

Class 3 ‘medium greenings’ showed great variations in NDVI class

area calculated. Khor Tagat accounted the large area covered by medi-
um greenings (92881.8) hectares, followed by Abu Haraz (74699.82),

Kazgiel (69179.76) and Um Usheria (21.333.69) hectares.

Table (9-b): kazgiel Rural Council NDVI statistics -2014

Classes No. of pixels AREAM2 AREAHA PERCENT
1 160 144000 14.4 0
2 577523 519770700 51977.07 29
3 768664 691797600 69179.76 39
4 507385 456646500 45664.65 26
5 107445 96700500 9670.05 5

The classified NDVI class 4 1s ‘high greenings’ indicated that Abu Haraz
has a good land surface greenings covered (199599.57) hectares, while
Khor Tagat, Kazgiel and Um Usheria the class covered (54958.32),
(45664.65) and (10390.14) hectares.

Table (9-c): Khor Tagat Rural Council NDVI statistics -2014

Classes No. of pixels AREAM2 AREAHA PERCENT
1 2220 1998000 199.8 0
2 729614 656652600 65665.26 31
3 1032020 928818000 92881.8 43
4 610648 549583200 54958.32 26
5 14157 12741300 1274.13 1
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Table (9-d): Um Usheria Rural Council NDVI statistics-2014

Classes No. of pixels AREAM2 AREAHA PERCENT
1 58414 52572600 5257.26 10
2 194344 174909600 17490.96 32
3 237041 213336900 21333.69 39
4 115446 103901400 10390.14 19
5 885 796500 79.65 0

In 2014, the very high NDVI greenings classified class showed sig-
nificant variation. Abu Haraz council ranking the top in NDVI green-
ings coverage over the area of study (127004.31) hectares. Merging
the ‘high greenings’ class with ‘very high greening’ class, Abu Haraz
council is based on these two classes accounted (326603.9) hectares.

Fig (6) presents chart that explains the variability in NDVI clas-
sified classes in 2014. Class one indicated that 3 councils has lesser
calculated areas less than the range of (0-50000) hectares, which are
(133.65), (199.8) and (14.4) hectares in Abu Haraz, Khor Tagat and
Kazgiel respectively. Class 2 missed Abu Haraz area because the area
calculated lesser than the chart scale only (134.37) hectares. Class 5
missed Khor Tagat and Um Usheria that both calculated area lesser than
the chart scale.
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Fig (6): NDVI-based classified areas variability (2014)
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6-3 2018 Sub-divisions NDVI area analysis:

Based on the Fig (7) and table (10-a-b-c-d), the NDVI classes calcu-
lated areas for the locality of Sheikan sub-divisions in 2018 were inter-
preted. The class 1 classified ‘no or less greenings’, showed the less area
covered by vegetation greenness all through the councils. Um Usheria
is the council that calculated large area of this class (9915.27) hectares,
while Kazgiel calculated the lesser area of this class (105.39) hectares.
In addition to Khor Tagat and Abu Haraz that calculated (225.72) and
(105.39) hectares respectively.
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Fig (7): 2018 Sub-divisions NDVI area (ha)
Table (10-a): Abu Haraz Rural Council NDVI statistics- 2018
Classes No. of pixels AREAM2 AREAHA PERCENT

1 1832 1648800 164.88 0
2 646726 582053400 58205.34 14
3 1419368 1277431200 127743.12 32
4 1739772 1565794800 156579.48 39
5 654216 588794400 58879.44 15
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Class 2 (low greenings) area calculated for each classes showed that
Abu Harz is covered by large area (58205.34) hectares, followed by
Khor Tagat (43113.42), Kazgiel (34581.87) and Um Usheria (28003.4)

hectares.
Table (10-b): kazgiel Rural Council NDVI statistics -2018
Classes No. of pixels AREAM2 AREAHA PERCENT
1 1171 1053900 105.39 0
2 384243 345818700 34581.87 20
3 920698 828628200 82862.82 47
4 584061 525654900 52565.49 30
5 70988 63889200 6388.92 4

Class 3 areas calculated for different councils showed the great differ-
ences between Abu Haraz NDVI greenings covered by medium green-
ings (127743.12) hectares, if compared with Kazgiel, Khor Tagat and
Um Usheria that calculated varied areas (82862.82), (78103.44) and
(13770.45) hectares respectively. Abu Haraz is unique as it has lesser
area that classified ‘no or less greenings’, while has larger areas of high

and very high greenings classes indicated good vegetation cover over

the councils.

Table (10-c): Khor Tagat Rural Council NDVI statistics -2018

Classes No. of pixels AREAM2 AREAHA PERCENT
1 2508 2257200 225.72 0
2 479038 431134200 43113.42 20
3 867816 781034400 78103.44 36
4 941610 847449000 84744.9 39
5 97695 87925500 8792.55 4

Class 4 as classified as ‘high greenings’, showed that Abu Haraz occu-
pied large area for this class (156579.48) hectares, followed by Khor
Tagat (84744.9), Kazgiel (52565.49) and Um Usheria (3942.72) hect-

ares.
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Table (10-d): Um Usheria Rural Council NDVI statistics- 2018

Classes No. of pixels AREAM2 AREAHA PERCENT
1 103503 93152700 9315.27 17
2 311149 280034100 28003.41 51
3 153005 137704500 13770.45 25
4 43808 39427200 3942.72 7
5 1179 1061100 106.11 0

Class 5 “very high greenings’, showed that Um Usheria has the less-
er calculated area (106.11) hectares, while in Abu Haraz, this class cov-
ered (58879.44) hectares. Kazgiel and Khor Tagat calculated (6388.92)
and (8792.55) hectares respectively. Fig () presented the variation of the
NDVI classes areas.

Fig (8) presents chart that explains the variability in NDVI classified
classes in 2018. Class one indicated that 3 councils has calculated areas
less than the range of (0-50000) hectares, which are (154.88), (225.72)
and (105.39) hectares in Abu Haraz, Khor Tagat and Kazgiel respec-
tively. Class 2, 3 and 4 represented all councils have different NDVI
greenings areas as ‘medium greenings’. Class 5 depicted that Um Ushe-
ria has a very low area covered by ‘very high greenings’
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Fig (8): NDVI-based classified areas variability (2018)
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6-4 2024 Sub-divisions NDVI area analysis:

In December 2024, the NDVI class’s area calculated depicted variabili-
ty among the rural councils. Class 1 showed different areas, Um Usheria
accounted the larger area for this class (3653.19) hectares, while Abu
Haraz accounted only (32.94) hectares, indicated that no or less green-
ings. Khor Tagat and Kazgiel areas calculated were (288) and (149.63)
hectares respectively Fig (9) and table (11-a-b-c-d)..
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Fig (9): 2024 Sub-divisions NDVI area (ha)

Class 2 ‘low NDVI greetings’, calculated nearly similar areas for Abu
Haraz, Kazgiel and Khor Tagat (39027.8), (29926.89) and (34443.18)
hectares respectively, while Um Usheria calculated lesser (16069.32)

hectares.
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Table (11-a): Abu Haraz Rural Council NDVI statistics -2024

Classes | No. of pixels AREAM2 AREAHA PERCENT
1 366 329400 32.94 0
2 433644 390279600 39027.96 10
3 1442139 1297925100 129792.51 32
4 1957462 1761715800 176171.58 44
5 628284 565455600 56545.56 14

Class 3 the ‘medium NDVI greenings’, depicted that Abu Haraz has a
larger area (129792.51) hectares, followed by Kazgiel and Khor Tagat,
both has closely calculated area (84156.57) and (81163.89) hectares re-
spectively, while Um Usheria calculated lower area value for this class

(21564.99) hectares.
Table (11-b): kazgiel Rural Council NDVI statistics -2024
Classes No. of pixels AREAM2 AREAHA PERCENT
1 1663 1496700 149.67 0
2 332521 299268900 29926.89 17
3 935073 841565700 84156.57 48
4 594975 535477500 53547.75 30
5 96937 87243300 8724.33 5

Class 4 ‘high NDVI greetings’ area, showed increasing trend in Abu
Haraz as usual in 2014 and 2018. The areas covered by this class NDVI
are (176171.58), (94054.68), (53547.75) and (12822.12) hectares in

Abu Haraz, Kazgiel, Khor Tagat and Um Usheria respectively.
Table (11-c): Khor Tagat Rural Council NDVI statistics -2024

Classes No. of pixels AREAM2 AREAHA PERCENT
1 3200 2880000 288 0
2 382702 344431800 34443.18 16
3 901821 811638900 81163.89 38
4 1045052 940546800 94054.68 44
5 55900 50310000 5031 2

Class 4 typical interpretation can be true for the class 5 that classified
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‘very High NDVI area’ as Abu Haraz calculated the larger area for this
class (56545.56) hectares, compared with the lesser calculated areas
(8744.33), (5032) and (81.99) hectares in Kazgiel Khor Tagat and Um

Usheria respectively.

Table (11-d): Um Usheria Rural Council NDVI statistics -204

Classes No. of pixels AREAM2 AREAHA PERCENT
1 40591 36531900 3653.19 7
2 178548 160693200 16069.32 30
3 239611 215649900 21564.99 40
4 142468 128221200 12822.12 24
5 911 819900 81.99 0

Fig (10) presents chart that explains the variability in NDVI classified
classes in 2024. Class one indicated that 3 councils has calculated areas
less than the range of (0-50000) hectares, which are (32.94), (149.67)
and (288) hectares in Abu Haraz, Kazgiel and Khor Tagat respectively.
Class 2, 3 and 4 represented all councils have different NDVI greenings
areas as ‘medium DVI greenings’. In chart, Class 5 missed Usheria

council for its lower value not represented by the scale of the chart.

Fig (10): NDVI-based classified areas variability (2024)

5-5  NDVI rating value ranges analysis:

Standard NDVI value rating ranges are obtained from the NDVI
image calculated with specific extracted area of study by the reclassify
tool in spatial analyst tools in Arc Map 10.8 environment. The subdi-
vided councils were also extracted from the generated NDVI image to
produce different NDVI maps that showed the variability in the surface
greenings that highly affected by local factors of the areas.

The overall of NDVI values ranges differ from season to season show-

ing NDVI image differencing. Based on the scale used by many research-
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ers NDVI value greater than 0.5 is classified as dense healthy forest.
NDVI value greater than 0.5 in 2014 occurred in Kazgiel and Khor
Tagat rural councils, but Abu Haraz and Um Usheria NDVI max values
are 0.41 and 0.34 respectively. In 2018 , three rural councils; Kazgiel,
Khor Tagat and Um Usheria calculated NDVI max (0.5), while Abu
Haraz showed 0.41 similar value in 2014. In 2024, rural councils calcu-
lated NDVI (0.5) are Kazgiel and Khor Tagat, while Abu Haraz and Um
Usheria calculated max value to be 0.4 for both councils.

In 2014 the minus NDVI values are -0.31, -0.23, -0.24 and —0.16 from
the first class in Abu Haraz, Kazgiel, Khor Tagat and Um Usheria re-
spectively. This showed a slight differences between kazgiel and Khor
Tagat councils. In 2018 the minus NDVI values are -0.34, -0.25, -0.30
and — 0.01 from the first class in Abu Haraz, Kazgiel, Khor Tagat and
Um Usheria respectively. This showed a slight differences between Abu
Haraz and Khor Tagat councils. In season 2024, the first class showed
the minimum NDVI values that varied based on the greenings areas in
Abu Haraz, Kazgiel, Khor Tagat and Um Usheria, which are - 0.27, -

0.25, - 0.31 and — 0.12 respectively, Table (12).

The NDVI minus values across the locality ranges are — 0.31 to 0.01, - 0.34 to
0.01, and — 0.31 to 0.02 for the years 2014, 2018 and 2024 respectively. The max-
imum values ranges are 0.18 to 0.05 , and 0.18 to 0.49 and 0.18 to 0.48 in 2014,
2018 and 2024 respectively that rated all season has a very high greenings areas Fig
(11-a-b-c).
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Fig ( 11 — b): NDVI rating value ranges (2014
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Fig ( 11 — C): NDVI rating value ranges (2014)
Table (12): NDVI rating value ranges assessment 2014-2018-2024

Rural Interval Reclassified classes

3
Councils | Years 1 2 4 5

2014 -0.08 0.31-- | 0.04--0.07 0.11-0.05 0.14-0.12 0.4-0.15
2018 0.02-0.34 - 0.12-0.03 0.14-0.13 0.17-0.15 0.41-0.18
Haraz 2024 0-0.27 - 0.12--010 0.14-0.13 0.15-0.14 -0.40.16
2014 -0.020.23 - 0.03-0.12 0.013-0.14 0.015-0.18 0.5-0.19
2018 | -0.03-0.25- 0.11-0.02-| 0.14-0.12 0.17-0.15 0.5-0.18
Kazgiel 2024 -0.03-0.3- | 0.12-0.02- | 0.14-0.13 0.18-0.15 0.5-0.19
2014 | -0.01-0.24- 0.11-0 0.13-0.12 0.18-0.14 0.5-0.19
2018 -0.02 0.3- - 0.11-0.01-| -0.130.12 0.16-0.14 0.5-0.17
Tagat 2024 | -0.02-0.31- | 0.11-0.01- | 0.13-0.12 0.17-0.14 0.5-0.18
2014 0.13-0.16 - 0.14-0.13 0.16-0.15 0.21-0.17 0.4-0.22
2018 0.13-0.01- 0.14-0.13 -0.16 0.15 0.24-0.17 0.5-0.25
Usheria 2024 0.12-0.12 - 0.14-0.13 0.15-0.14 -0.190.16 0.4-0.20
2014 10.01--0.31- 0.12-0 0.13-0.12 0.16-0.14 0.5-0.17
2018 | -0.01-0.34- 0.12-0 0.14-0.13 -0.17 0.15 0.49-0.18
Sum 2024 |-0.02-0.31- | -0.120.01- 0.14-0.13 0.17-0.15 0.48-0.18

Abu

Khor

Um

Locality
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8- Discussion:

The study examined and assessed with analytical procedures the effective
of Normalized Difference Vegetation Index (NDVI) on land surface green-
ings cover conditions and its potential in vegetation change monitoring. As
far as the vegetation cover is concerned, one of the three group that identify
this study is that it’s a seasonal change assessment. Vegetation cover also
can be studied from its gradual changes or abrupt changes approaches.

The valuable advanced technologies of remote sensing and GIS paved
the way for researchers to use most update sensing data for depicting
changes occurred seasonally on land surfaces.

The results showed that the no or less greenings documented the smallest area
in the Sheikan locality as class 1. The case also applicable when calculating at
administrative sub-divisions. The larger area of greenings classes is the medi-
um greenings, which is occurred over larger portions in all seasons, followed
by high greenings class.

The significant no or less land surface greenings occurred surrounding the junction
of the rural councils where the EIObeid city built up area continuously growing.
9- Conclusion:

Year by year over the western Sudan, the quality quantity of vegeta-
tion cover has been decreasing progressively left a severe environmental
degradation. During the last 30 years, the urban new extensions caused
the removal of thousands of hectares of forests surrounding main towns
such as ElObeid and Um-Rwaba. Shrinkage in vegetation cover all over
the locality lead to change in land surface greenness that will have ad-
verse impacts upon the local vegetation cover and soil properties.

Based on the spectral reflectance measurements, Normalized Differ-
ence Vegetation Index (NDVI) is one of the standard spectral indices
used as the potential method and data source for vegetation assessment.
The study initiated to give wide spectrum for land surface greenness in
Sheikan locality, Sudan.

The present study has generated comparative satellite image data,
which provided the basis for assessing the land surface vegetation
greenness change via Spatio-temporal approach.
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The Kernel Functions
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Abstract:

The study of associated functions and kernel functions
occupies a central role in complex analysis and functional analysis,
particularly in connection with Hilbert spaces of analytic function,
reproducing kernels, and operator theory. This paper provides a
concise survey of some basic facts on associated functions and
kernel functions, with emphasis on their structural properties
and interrelations. It followed the deductive method.We recall
the definitions of associated functions in the framework of entire
and analytic functions, highlight their connections to orthogonal
systems, and analyze the role of kernel functions in reproducing
kernel Hilbert spaces. Furthermore, we present illustrative
examples that demonstrate how kernel functions encode analytic
and geometric information about function space,while associated
functions help in extending basses and characterizing. And the
study found that the results are intended to clarify foundational
aspects and to provide a reference point for further exploration of
applications in approximation theory, spectral theory, and spaces
of analytic functions.

Key words : Basic Facts , Kernel, analytic , Associated , Function
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Blgdl Jgs 9 das,bl g e dewloVI §5ld) jasy Jg=
OBS dzale - GLAL I ud = 3] Bomal ) plas.s
OBs,S dzale - Ll Oluhl &S - sowzle LI - p3f dame Glods daso |
soalsciud)

WJI el 5 S, Jodoad] @ L yeme ys 8ls-dl Jlgd 5 ddads, bl Jlgad) Lulys S
B .l 330 Ay s g ¢ pludia) Blg 9 Lkdexdll Jlgud) Ciplon Olslady 3w boed Loy
SA ge < Blsl lgd 5 dasyll Jlgud) Jso dwladl 35lsdl jasd Iy g0 Loye d3)s)l 0dn
i .ol il Ayl Cosdl 5 Ly Dolall LB 5 & gidl Lyailas e
oYL Lablsy| e 9l s s dgldoal] 5 dold] Jlgad] HUs| § ddas,bl Jlsad] Ol =3
ceU3 e Bde 5 Ll Bls5 OIS Oopden Oleliad § Blg ) Jlgd 590 Jados 9 Sualszl)
Lalsal) dwaig)l 9 Ldowtll Slaglall 5nits Slgidl Jlgo pod aS (s doomudss dliel puds
Bugs gl paslasdl Chogy delgdll ewss § ddad, bl Jlsu) 4 o & «Jlgudl cLady
O J3bl By die @G Sg gz ye 1855 9 dewlad) Clsedl ndss () il
Aol Jlgud) Olslad 9 Cadall 4,55 9 oyl do s § Olauhl
g M‘Pcﬂ\;ﬁc#c@h\&&; :K*AGA.AQLASS

Introduction:

We will introduce new methods and we determine the long-
time dynamics of model including and finding conditions on the
kernel functions that governs the onset analysis. Moreover for two
important classes of kernel functions we show sharp estimates of
kernel and associated functions. We obtain these sharp estimates
by using subtle upper and lower solutions based on careful analysis
of included kernel and associated functions.

Lemma 1 For x € RV/{0}x € RV/{0}and ¢ > 0 ,p > 0, let

[ () = {y € dBy:y.x = 0}F+(x,1,b) = {y € dBy:y.x = 0}
and I'_(x,9) = {y € 0By:y.x < 0}

I_(xy) = {y € 0By y.x < 0}.

Therefore
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~ . Yi4r?
AL 0) = g Ml =505, = 0225 LW+

12— 0llg? - (1)) pH(p)d o,
= AL = g H =08, =2 P+

ri=2Jlp-7|
)2 —o*lp* - (- ?‘)2]) = oH(p)dg,

A_(r,p) = f H(|x - y|)ds,

r_(ey)
p (" ns
= oy 27 5 (L@ +1)* = @*lp* = =) 2 @H(p) do,
‘/W
then
H(r,yp) =
g a2V [V (1 + ) = g2t = (=) pH(p)dy
HGy) =
g2V [0 ([ 412 - 9Pl - (= r)) 7 pHp)do
[41.

Proof. For any giveny € B,y € dB,, and x € 0B, x € 0B,
with y,r > 0, r > 0, let 80 denote the angle between yy
and x,x, namely y. x = Yrcos 8,y. x = rcos 6, then let SpSy

denote the intersection of the hyperplane

Eg;={z€RN:z.x =cosB,}Eg;={z€R":z.x =1 cosh,}
with the sphere dB,,dBy, which clearly isan N — 2N — 2
dimensional sphere of radius p sin 6.p sin . Then
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H(|x —y|) E](\/gbz + r2 — 2yr cos 9)
H(lx —y]) = J(J2 +r2 —2yrcosf) fory € Sgy € Sp,

and

T

Hrp)=| (x-yDdS, = f H(\/xpz + 12 = 2yr cos 9) |Sg|pdo

dBy 0

— J-EH(\/I,{}Z + r2 — 2Yrcos 9) wy_1(Wsin@)N=2d6
0

= Wy_1 Ew-z(sin B)N-ZH(J(¢ — 12— 2rp(1— cos 9))d9

2sin (g) cos (g) - H ( ‘j (1 —r)? — 4ripsin? (g)) de

— 2N—1¢N—1wN_1 J-lfN_z(l _ {2)(N—3)/2H (\/(w _ ?,-)2 - 4‘T§b§2) df,
0

T
_ N-2
= wN-lf 17

0

where we have used & = sin (g) £ = sin (g) . The change of
variable

Q= \/('P —1r)2 —4rYtle = \/(l,b —1r)?% — 4r&? then gives
Y+r

o) =m0 =Pl

N-3
- =) 7 pH(p)de. (1)
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Similarly, by the definition of H, (r,y),H, (r, ), we obtain

m/
H (rp) = wN_lf 2(1]{} sin0)N-2H (\/1,{}2 + r2 — 2yrcos B)gbdﬂ
0

xfi/z
§N-2(1 = )2 (g - )2 - 4y o

— 2N—1le—1OJN_1 J.

0

p
=0’N-123_Nﬂ__2 o (W +1)? = p*][*

N-3
— (=) pH(p)dy.

Analogously,

H (ry) = wN_lj:; (Y sin G)N‘ZH(\/I,{JZ + r2 — 2yrcos G)I,bdﬂ
2

1
= N-1yN-1g J:/E/Z EN-2(1 - g2)-3/2 (\/('JJ —r)2 - 4,?,,][,22) d¢

P _
= wN_123'NTNl_2 - (@+)*~¢llp* - (- ?’)2])¥<PH(<P) do.
Define

0, ® <0 0, ©<0
Go(p) = [2<p @ €10,1]1(p) = [290 @ €1[0,1]
(2)(2) 2 e >1, 2 @ >1,
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andfore >0 >0andt € R, € R, define

W= | #(@D+aley)l-eNay.

]RN_]'

Lemma 2 For any given small numbers 6 > 06 > 0and e > 0
e>0][3],

H (r,) < 1+ OH:(r —)H, (r,) < (1+ & He(r — )
foryp €[5, (1+62)r| ,r = (82)77,
pels@+6r|,r= e

where [ I, is given by Lemma 1.

Proof. 1. Split of He (r — ). He (r — ).

Denote

Ge(|x]) 2= H(|xD[1+ o (|x| — e~ )]

Ge(|x]) == H(|xD[1+ ¢y (x| — e71)] for x € R¥N.x € RV,
Then

oo

Hetr =) = [ ona§* 26, (V=02 +82) ds

0
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= wN—lJ- [(PZ - (llb - T)Z]Ngs(pGS((P) d.(P
[yp—r]
oo N-3
t oy fl [0t = = T gllg)dy

N-3
F oy fl o=@ =T 9@l — ) dy
p—r
=W, +W,.
2. Split of H, (r,).H, (1r,1).

By Lemma 1, we have

. i V=) 44821

H.(ry) = 0y, 28 R . (@ +1)* - 9?1l
— (-2 T gH(p)dg
G
+ wN-123_Nm ([ +1)* = ¢*][p?

N=-3
— (=17 pH(p)de =:Q; + Q5.

3. Weprove Q; < (1+8)W,.0; < (1 +6)W;.
For | — 7| < ¢ < /(r — )% + 452ry),
lY—rl << J(r —)? + 46?rp, we have

N-3
(+r? -z <] WHT =
[4rp(1-6D)]Z N =2.

Then by the definition of Q; Q; and W; W, we have , for
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= [g,(1 + 52)?‘], W e [g,(1 + 52)?‘],
" (4@)? m[
ri-2 m [h-r| Y
N-3
(=17 pH(p)dg

2

Q) < wy_ 237N

- (O [ g i) <
a- \/f_)N; Wy < (1480w,
=T (—) LW — (- 077 ph(p)dg <
a- ii W, < (1+6)W,

sine & > 06 > 0is small [10].

4. We show Q, < W,Q, < W,.

For \/(r — )2+ 482 < @ < Jr2 42
Vo =)+ 462rp < @ < \/r?2 + P2, we have

N-3
[ +n7 =g 2 < P T N=S
ry)z, N=2.

Then by the the definitions of Q,(Q, and W, W,we have, for
pelt,@+8r|pels@+s2r,
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3o _Y N i
Q2 Sy 22N == (4rp) 72
r Jr—P)2+a82ry

(- T)Z]%oi;(@ do
LI
oY)

N-3
— (W -r)I7 pH(p)dg

N N-3
< wy_12 f [p* = (W —1)*] 2 oH(p)d.

[p?

[¢?

max{|-(y28r}

By the other side,

co

W, = oy 2 [0? — (Y — 2] T pH(p) do.

max{|p-r]|e " 1+1}

Hence, Q, < W,Q, < W, provided that V26r > ¢~ + 1,
V26r = £~ + 1, namely

r>R:= ‘f/;l € (0,(8)"Y) r =R := f;;l e (0,(8¢)7Y) .

The proof is complete [9].

Proposition 2. Let HH has compact support, say

supp(H) c [0,K.|supp(H) c [0,K.] for some K, > 0,K, > 0,
and

H.H. is given by 1.9. Then there exist constants Ly > 0Ly > 0
and C > 0C > 0 such that forr = Ly, r = Ly,

|H(r,y) —H.(r— )| < Cr? wheny € [r — K.,r + K.],
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|H(r,y) =H.(r —)|=0  wheny & [r —K.,r + K.].

Proof. By using Lemma 1. and Lemma 2. we get

]]{} Y+t

o) = ona 27 5 | (@) =l
[=rl

N-3
— (W -1)*])"Z H(p)do,
o N-3
H.r— ) = oy fl 9P pH () dy

Then,

Hr,p) =H.(r —¢) = 0H(r,y) = H.(r —¢) = 0 when
|[r —y| > K,,|r —y| > K,, namely when ¢ € [r — K,,r + K.].
Y €[r—K.,r+K.].

Moreover, forr > K,r > K, and
=9 > K, AGp) = B0~ ) <o [
0T —1lpt - (- T
(p-?TF pH(p)
=l > K00 9) =BG =) <oy [y [
o7 = 1lg?= =T e
(p—1)?I'= pH(p)

R (@4n2-

0 (p)dp < -l M() [ [

S (@+n-

PH(p)dg < wy 1 HILME) [ o -

3N1]{}

M(r) := maxgep_k,r4k.)0el0k) |2

S (@)= g?) 23—1‘

©2025100u03-- a0 1447010-6jall saloa- ggeu yydllguabiudl 2nell-digisugy J&.n.’uwﬁg..qlc-,oj.l.g.lldlgn m
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i l‘b 7]{} 2 @ 2\ 2
= MaXgper—K.r+K.],¢€[0,K.]} 2° N? (1 +?) B (_) -1

= MaX(ge[x, k,]pe[0.k.]) (1 + §) (1 + f—,,)z - (;1,,)2 T -1l=00Y

= MaX(ge[-x, k.] pe[0.k.]) (1 + §) (1 + f—r)z - (;%)2 S -1l=00Y

asr — ,r - o,

and

K. N-3
jlw 02— (-1 7 gdp

_rl

K.
J. oN2dy if N >3,
0

K. ) 1 K.\/E .
do<| de itN=2.
f|w—r|\/fp+l¢—?"|\/<p—lnb—rl Y fo JE 1

Therefore there exists C > 0C > 0 such that

H(r,p) =H.(r =) < Cr'H(r,¢p) = H.(r — ) < Cr~* for
[y —r| < K.|P—r| < K. and all large rr.

The proof is complete [5].

Lemma 4. If (H1)(H1) holds, then for any £ € (0,1),¢ € (0,1),
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(1-&)R w R ©
limJ. J-H+(r,gb)dgbdr=0$imf J. H_(r,p)dpdr =0. (4)
R 7%Jo Jr

R—oo 0

Proof.ForR > r > 0,R = r > 0, denote

xt=(r,0,..,0) € RVxL_(7,0,..,0) € RN and
Qf ={y=wn.,yn): y1>0,lyl >R}
Qf ={y=n-yn): y1>0,lyl| >R}

Therefore

fo BuCrp)dy = [, H(lxt = yDdy.

fRDO H, (r,)dy = fnﬁ H(|x} — y|])dy. For small § € (0, ¢)
6 € (0,¢) define

QS :={z= (21,23, .,2y) 2, < (1 —08)R,|z;| <AR,2<i <N}
with A := YA=U=0" (1 OFp i= 12U (1 oF
O cRY

.

Then

. Clearly,

| A= [ nQ-yhay < [t =Dy

Qg -5
Qr

N
The set —rms R can be analyzed as follows:
R
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N N
R _ U s
Qg i=1

with overlapping sets

SWi=1{z= (z,,2y,..,2y) t 2, > (1—6)Randz ER for2 <i <N}

SWi={z= (2,25, 2y) : |zj| >ARandz €R fori#j}2<i<N.

Therefore, making use of the definition of H,,H., we deduce

© N
H, (r,)dp < | H(xt = yl)dy < H(|x} - y|)d
fR +(r¢)¢<f% (I« y”“;fgw (It - y)dy

Cr

:f H.(r=)dy + 2(N - l)f H.(p)dy
(1-8)R

AR
— f H.(&)dé+2(N—-1) | H.(y)dy.
(1-8)R-7 AR
It follows that
(1-¢)R ,pw
J. f ﬁ+(r, ) dpdr
0 R

(1-8)R poo 0
H(EdE+2(N-1)(1-¢e)R | H.(W)dy.
< j L-m-r ©)de+2(N - 1)(1-¢) j )

We have, due to (H1)(H1),
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(1-8)R o
f f H.(€)dgdr
0 (

1-8)R-r

(1-e)R
< jﬂ f( IR GRLEAGE:

SJ. ¢H,(6)dé - 0asR — o,
(1-6)R

and

2(N = D)(L- )R [ H@)dp <20V = D)(1- &) 3 [ YH.(P)dy -
0asR -

2N = 1)1~ )R [ K@)y <2 =~ D1~ &)1 [17 WH.(p)dy -
0asR -

(11

Then

(1=e)R poo _
f f H, (r,y)dypdr - 0asR — .
0 R

Similarly, forR =2r > 0,R =r > 0,

xt.-(r,0,..,0) € RVx!._(r,0,..,0) € RN and
QO ={y= . yn): y1 <0,ly| >R},
Qr ={y=Qn.,yn) y1 <0,ly| >R},
we have

f B (rpdy= | H(x:—yD)dy.
R

QR
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Suppose
Q=12 =( )iz lal < = 2 <i <)
=3Z = (Z1,Z9,,2ZN) P 21 2 ———,|Zi| ES—= ,4 1= Ny
R S W) A N
Hence
]RN N o
.Q.E C~—=U SU)
Qr j=1
with

S .= {z = (21,29, 0, 2Zy) ¢ 27 < — ,Zz; €R fori# 1}

R
2\/N

i R
50)::{2: (2,2, 0y Zy) ¢ |zj|2—andziE]}R fori;tj]ZSiSN.

2VN

Moreover

o N
j — 1_ 1_
J, Beway=| st S;Z J izt -hay

R

< [ -y

0= [ B[, HO
m mﬁl‘

F2N-1) f H.p)dy.
2T
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It 1s follows that

[ [ B p)dpdr < [ IR CH.(§)dédr +2(N - 1)an H.(p)dyp <
I_ EH.(§)dE +4(N - 1«F fin*(w)dMast

H A_(r,)dydr < [} IR (H.(§)dgdr +2(N - 1)RIRH(w)dw<
IW,,fH,(f)de(N 1«/‘ f%ﬁbH*(kb)dw%OasR—)oo

[6].

Lemma 5. If (H1)(H1) holds, then

hmf f H(r, i,b)di,bdr—J;] @H,.(@)de.

Proof. We complete the proof in two steps.

R ,o0 o0
limsup [ | AGpdvdr< | oH.(p)do. (5)
-® 0 /R 0
By Lemma 4, for any small £, > 0g; > 0,
hm sup J- f H(r,p)dpdr = hm sup f f H, (r,)dypdr,
(1-£)RVR

and

o0 (1+&)7'R (o
lim sup f J. 0, (r,)dpdr < lim J. f 0. (r, ) dydr
Roo (1-&)R Y (1+&)R R=c0 Jg R
=0.
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Therefore

R ~o0
I%im sup J. J. H(r,y)dydr
—00 0

R—oo

(1+&,)R
= lim SUpJ. f A (r,Y)dydr. (6)
(1-&)RYR

By Lemma 2, for any small § > 06 > 0 and £ > 0,6 > 0, we
have

H.(r ) < (14 8)).(r =) forp € |, (1 + 8|

A () < 1+ 8).(r =) forp € |5, (1+ 62)r| amd
r=>(6e) L. (Dr = (8e)7 L. (7)

Therefore if ; > 0&; > 0 is sufficiently small, then (7)(7) holds
when

(I1-g)R<r<R<yp<(1+¢)R
(1-e)R<r<R<yp<(1+e)Rand R = 2(6e)
R =2(6s)"1[2]

we obtain

R (1+&)R (1+&,)R
J. f H L(rp)ddr <(1+ 6)J. J. H. (r —)dypdr .
(1-&)RYR

(1-£)RVR
From (3)(3) we have
He(0) = H.(0) + §:(0)H:(0) = H.(0) + &:(0) with

§:(0) = [on H|(|Cy ) (| ()] — €71)]ay”.
&) = [on H[(|(@y)]) (| (0] — €71)]dy”.
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Clearly

0

R (1+£1)R E]_R
J. f H.(r —)dpdr = J. H.(r —y)dydr
(1-¢,)R /R 0

-&R

0 00 0
< f f H.(r = y)dypdr = f oH.(p)dgp.
- 0
It 1s follows that

R (14+€)R _
f f A p)dpdr <(1
(1-¢)R /R

R

0 (1+&)R
+0) l fo QH.(p)dop + fR e (r =) dipdr

(1-¢1)R
Moreover, using €1 = %5R£‘1 = %51’1’ and
§:(s) < 2H,.(s),éi(s)=0fors < 71,

§:(s) < 2H,.(s),¢é.(s) = 0 for s < €71, we obtain

R (14&)R
f f (- p)dpdr
(1-¢,)R /R

0 &R
[ [ - vapar
-&,RY0

0 &R-1 0
< 2-[ f H.(s)dsdr < 2R j H.(s)ds

_ElR g1 %6}2
< 4815‘1f sH.(s)ds = 0 asR - oo.

e
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We thus get

R—oo

R (1+€1)R o
lim supf f H (r,)dpdr <(1+ 6)[ oH.(p)do.
(1-¢)RJR 0

Since § > 08 > 0 can be arbitrarily small, (5)(5) now follows
(6).(6).
Step 2. We show that

R po0 00
lim inf f f H(r,p)dydr > f @H.(p)de.
R—c0 o /r 0

The proof of the Lemma will be finishes [7].

From the definition of A (r,Y)H (r, ) and H.,, H., for
R=zr>0R=2r>0,

Io's) R
f A (r, )dy f H(jx! — y)dy = f H(r—p)dy,  (8)
R Hg 0

where

xl:= (r,0,..,0) e RV, Hp :
={y =0y -y v >Ry €Rfor2<i <N}

Therefore
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R ~
lim inf H(r,)dpdr
R—oo 0 Jr

R ~
> lim J. J. (r —yH.,)dydr
k=00 Jo Jp
R 0

= lim f oH.(p)dg = f ¢H.(p)do.
0 0

The proof is now complete[11] .

Theorem 6. Assume (H)(H) holds. Then the following
statements are equivalent :
(i (H1)(H1) holds, namely IODO rNH(r)dr < oo,
fow rNH(r) dr < oo,
J, H.(@)ede < . " H.(0)edo < o.
(iii) limR—)Do sup J-OR J-R+DO H(rl lp)dlpdr < o
. R 00 o~
limp_q, sup J fR+ H(r,P)dpdr < o

o s N=1 _
limp_ o, sup fOR fR+ (%) H(r,Y)dydr < co.

(ii)

(iv)

o s N=1 _
limp_ o, sup fOR fR+ (%) H(r,Y)dypdr < co.

Moreover, when (H1)(H1) holds, we have
f H.(0)odo
° R p+o
= lim J. J. H(r,Y)dypdr
R—oo 0 JR

= lim J: J:w(%)}v_lﬁ(?’, p)dipdr.

R—-w
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Proof. By

oo _ WN_q [ N
J, H.-(@)odo = 2= [ H(r)rVdr

fooo H.(0)odo = % J’ODO H(r) rNdr and Lemma 5 we see
that

(H1)(H1) holds, & fow H,(0)odp < o,

& ["H.(0)edo < »,

(H1)(H1) holds, = limg ., [[* [ H(r,p)dipdr < oo,
= limg_, fOR f;mﬁ(r, Y)dypdr < o,

and if (H1)(H1) holds, then

[ H.ede = pim [ [ Heppapar ©)

0 0o JRr

To finish the proof of Theorem 6, it remains to prove that
(H1)(H1) holds,

& limp_, o, Sup fOR f;m H(r,p)dypdr < oo, (10)
& limp_, o, SUp IOR f;m H(r, ) dpdr < o, (10)
(H1)(H1) holds,

& limg_,, sup IOR (;) f (r, ¥)dypdr. (11)
& limg_, o, sup fOR (;) f (r, ) dydr. (11)

and
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R, N-1 p+® o0
im [ (5) | Aedpdr= | Hidede (2
R 0

R—oo 0

if (H1)(H1) holds.

We now prove these in three steps.
Step 1. We prove (10)(10).

By (8)(8) and change of order of integration
R po0 0 0 co

[ [ Aepaparz [ | b6 -wdpr2 [ o @ede,
0 /R -rJ0 0

which yields [1]

R poo oo
o > }%im supf f H(r, P)dydr = f oH.(0)eodo .

Hence, due to (11)(11), (10)(10) holds.
Step 2. We prove (11).(11).

If (H1)(H1) holds then
. R . N-1 p+®
1%1_1)1[}0 sup J;] (E) L H(r,p)dydr
R p+o
< %im SupJ. J. H(r,p)dpdr < . (13)
On the other hand, if

R, N-1 p+® _
lim sup f — f H(r,Y)dydr < o,
@,

R—oo
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then by (8)(8),

R R

R N-1 pt®

o > lim sup J;? (—) J. H(r,)ddr
> R
)

R (4o
> lim supZ‘(N‘DJ. f H,(r —y)dydr
R-o0 g R

R-o

R
-5 +00
= lim supZ‘(N‘l)J. J. H.(r=y)dydr
o Jr
R

R—oo

2
> lim supZ'(N'DJ. of.(0)do.
0

Hence(11)(11) holds [8].
Step 3. We finally prove (12)(12).

For any given € > 0,e > 0, we have

Rop\N-1 %@ R N-1 @
J;](%) L iy = J;l—E)R(%) L H(r,p)dydr

R +o
> (1-¢)¥! f H(r,p)dydr.
(1-e)RVR
By (8)(8)
ool B w)dpdr 2[5 [H. = W)dpdr = [ [ LG -
P)diper > [ oH.(0)do
J-é_g)R J-R+DO H(?", 'P)dll}d?’ 2 J-(}i—s)R IRDO H,(r- w)dl!}d?‘ = J.i]ER J-ODO H.(r -
P)dipdr > [ oH.(o)do
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Letting R = o,R = o0, we obtain

oo

R, N-1 p+®
lim inf — Hr,p)dydr > (1—¢)N-1 H.(o)do.
im in (R) L (r,P)dpdr > (1-¢) J;] oH.(o)do

R—oo 0
Then by the arbitrariness of € > 0,6 > 0, we

R, N-1 p+® _ o
lim inf (—) f H(r,Y)dypdr = J- oH.(o)do.
R R 0

R—oo 0
Combining this with (9)(9) and (13)(13) gives

lim inf ’ (%)N_l J:mﬁ (r,)dydr = J:OQH*(Q) do.

R—oo 0
The proof is now complete [5] .
Conclusion :

Finally we prove some useful facts about the kernel function HH
and the associated functions HH and H. H., which pave the way

for further analysis of
h(o)
u(t,r) = dJ. H(r,p)ult,)dyp — du(t, ) + f(t,r,u),t > 0,r € [O,h(t)),
0
u(t,h(t)) =0, t>0,
{ , i h(t) to Vot
V0= s fﬂ L o £>0,
h(0)hg, u(0,r) = uy(r), r € [0,hy].
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