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Abstract:
The study of associated functions and  kernel functions 

occupies a central role in complex analysis and functional analysis, 
particularly in connection with Hilbert spaces of analytic function, 
reproducing kernels, and operator theory. This paper provides a 
concise survey of some basic facts on associated functions and  
kernel functions, with emphasis on their structural properties 
and interrelations. It followed the deductive method.We recall 
the definitions of associated functions in the framework of entire 
and analytic functions, highlight their connections to orthogonal 
systems, and analyze the role of kernel functions in reproducing 
kernel Hilbert spaces. Furthermore, we present illustrative 
examples that demonstrate how kernel functions encode analytic 
and geometric information about function space,while associated 
functions help in extending basses and characterizing. And the 
study found that the results are intended to clarify foundational 
aspects and to provide a reference point for further exploration of 
applications in approximation theory, spectral theory, and spaces 
of analytic functions.
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حول بعض الحقائق الأساسية عن الدوال المرتبطة و دوال النواة
د.عصام الدين اسحق إدريس – قسم الرياضات – جامعة كردفان 

أ. محمد عثمان محمد آدم – طالب ماجستير – كلية الدراسات العليا – جامعة كردفان 

المستخلص:
تحتــل دراســة الــدوال المرتبطــة و دوال النــواة دورا محوريــا فى التحليــل المركــب و التحليــل الــدالى، 
ولاســيما فيــا يتعلــق بفضــاءات هيلــرت للــدوال التحليليــة و نــواة الإستنســاخ ، و نظريــة المؤثــرات. تقــدم 
هــذه الورقــة عرضــا موجــزا لبعــض الحقائــق الأساســية حــول الــدوال المرتبطــة و دوال النــواة ، مــع التركيــز 
عــى خصائصهــا البنيويــة و العلاقــات المتبادلــة بينهــا. و اتبعــت الدراســة المنهــج الإســتنباطى. نســتعرض 
تعريفــات الــدوال المرتبطــة فى إطــار الــدوال التامــة و التحليليــة مــع تســليط الضوء عــى إرتباطهــا بالأنظمة 
المتعامــدة و تحليــل دور دوال النــواة فى فضــاءات هيلــرت ذات  نــواة الإستنســاخ. و عــاوة عــى ذلــك ، 
تقــدم أمثلــة توضيحيــة تبــن كيــف تقــوم دوال النــواة بترميــز المعلومــات التحليليــة و الهندســية المتعلقــة 
بفضــاء الــدوال ، فى حــن تســهم الــدوال المرتبطــة فى توســيع القواعــد ووصــف الخصائــص البنيويــة. تهــدف 
ــن  ــد م ــه لإستكشــاف المزي ــر مرجــع يمكــن الإنطــاق من ــب الأساســية و توف ــح الجوان ــج إلى توضي النتائ

التطبيقــات فى نظريــة التقريــب و نظريــة الطيــف و فضــاءات الــدوال التحليليــة.
كلمات مفتاحية: حقائق اساسية، تحليلى ، نواة ، مترابطة  ، دوال

Introduction:

We will introduce new methods and we determine the long-
time dynamics of model including and finding conditions on the 
kernel functions that governs the onset analysis. Moreover for two 
important classes of kernel functions we show sharp estimates of 
kernel and associated functions. We obtain these sharp estimates 
by using subtle upper and lower solutions based on careful analysis 
of included kernel and associated functions.

Lemma 1 For  and  let

  
and 

. 

Therefore
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then

 
[4].

Proof. For any given  and  
with  let  denote the angle between  
and  namely  then let  
denote the intersection of the hyperplane

  
with the sphere  which clearly is an  
dimensional sphere of radius  Then
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 for ,

and

where we have used  The change of 
variable

  then gives
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Similarly, by the definition of  we obtain

Analogously,

Define
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and for  and  define

Lemma 2 For any given small numbers  and 
[3],

 

for 

where  is given by Lemma 1.

Proof. 1. Split of 

Denote

 for 

Then
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2. Split of 

By Lemma 1, we have 

 3. We prove  
For 

 we have

Then by the definition of  and  we have , for 
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sine  is small [10].

 4. We show .

For 
, we have

Then by the the definitions of  and we have, for 
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By the other side,

Hence,  provided that 
 namely

 

The proof is complete [9].

Proposition 2. Let   has compact support, say 
 for some  

and 

 is given by 1.9. Then there exist constants  
and  such that for 
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Proof. By using Lemma 1. and Lemma 2. we get

Then,

 when 
 namely when 

Moreover, for  and
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as 

and

Therefore there exists  such that

 for 
 and all large .

The proof is complete [5].

Lemma 4. If  holds, then for any 
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Proof . For  denote

 and 

Therefore 

 For small 
 define

with  . Clearly,

Then 

The set  can be analyzed as follows:
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with overlapping sets

Therefore, making use of the definition of  we  deduce

It follows that

We have, due to ,
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and  

 
[1].

Then

Similarly, for 

 and 

we have
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Suppose

Hence

with 

Moreover
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It is follows that

 
[6].

Lemma 5. If  holds, then 

Proof. We complete the proof in two steps.

By Lemma 4, for any small ,

and 
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Therefore

By Lemma 2, for any small  and  we 
have 

 amd 

Therefore if  is sufficiently small, then  holds 
when

 and 
 [2]

we obtain 

From  we have

 with
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Clearly

It is follows that

Moreover, using  and 

 we obtain
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We thus get

Since  can be arbitrarily small,  now follows 

Step 2. We show that

The proof of the Lemma will be finishes  [7].

From the definition of  and for 

where 

Therefore



Dr.Isam Eldin Ishag Idris -A.Mohamed Osman Mohamed Adam

266  مجلة القُلزم- علمية محكمة ربع سنوية - العدد  السادس والأربعون   - جمادي الآخرة- رجب 1447ه ـ- ديسمبر 2025م

The proof is now complete[11] .

Theorem 6. Assume  holds. Then the following 
statements are equivalent :

(i)	  holds, namely 

(ii)	

(iii)	

(iv)	

Moreover, when  holds, we have
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Proof. By

 

 and Lemma 5 we see 
that

 holds, 

 holds, 

and if  holds, then 

To finish the proof of Theorem 6, it remains to prove that

 holds, 

 holds, 

and 
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if   holds.

We now prove these in three steps.

Step 1. We prove .

By  and change of order of integration

which yields [1]

Hence, due to ,  holds.

Step 2. We prove 

If  holds then

On the other hand, if
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      then by , 

Hence  holds [8].

Step 3. We finally prove .

For any given  we have 

By 
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.

Letting  we obtain

Then by the arbitrariness of  we 

Combining this with  and  gives

The proof is now complete [5] .

Conclusion :

Finally we prove some useful facts about the kernel function  
and the associated functions  and , which pave the way 
for further analysis of 
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