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Abstract:

The study of associated functions and kernel functions
occupies a central role in complex analysis and functional analysis,
particularly in connection with Hilbert spaces of analytic function,
reproducing kernels, and operator theory. This paper provides a
concise survey of some basic facts on associated functions and
kernel functions, with emphasis on their structural properties
and interrelations. It followed the deductive method.We recall
the definitions of associated functions in the framework of entire
and analytic functions, highlight their connections to orthogonal
systems, and analyze the role of kernel functions in reproducing
kernel Hilbert spaces. Furthermore, we present illustrative
examples that demonstrate how kernel functions encode analytic
and geometric information about function space,while associated
functions help in extending basses and characterizing. And the
study found that the results are intended to clarify foundational
aspects and to provide a reference point for further exploration of
applications in approximation theory, spectral theory, and spaces
of analytic functions.
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Introduction:

We will introduce new methods and we determine the long-
time dynamics of model including and finding conditions on the
kernel functions that governs the onset analysis. Moreover for two
important classes of kernel functions we show sharp estimates of
kernel and associated functions. We obtain these sharp estimates
by using subtle upper and lower solutions based on careful analysis
of included kernel and associated functions.

Lemma 1 For x € RV/{0}x € RV/{0}and ¢ > 0 ,p > 0, let

[ () = {y € dBy:y.x = 0}F+(x,1,b) = {y € dBy:y.x = 0}
and I'_(x,9) = {y € 0By:y.x < 0}

I_(xy) = {y € 0By y.x < 0}.

Therefore
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~ . Yi4r?
AL 0) = g Ml =505, = 0225 LW+

12— 0llg? - (1)) pH(p)d o,
= AL = g H =08, =2 P+

ri=2Jlp-7|
)2 —o*lp* - (- ?‘)2]) = oH(p)dg,

A_(r,p) = f H(|x - y|)ds,

r_(ey)
p (" ns
= oy 27 5 (L@ +1)* = @*lp* = =) 2 @H(p) do,
‘/W
then
H(r,yp) =
g a2V [V (1 + ) = g2t = (=) pH(p)dy
HGy) =
g2V [0 ([ 412 - 9Pl - (= r)) 7 pHp)do
[41.

Proof. For any giveny € B,y € dB,, and x € 0B, x € 0B,
with y,r > 0, r > 0, let 80 denote the angle between yy
and x,x, namely y. x = Yrcos 8,y. x = rcos 6, then let SpSy

denote the intersection of the hyperplane

Eg;={z€RN:z.x =cosB,}Eg;={z€R":z.x =1 cosh,}
with the sphere dB,,dBy, which clearly isan N — 2N — 2
dimensional sphere of radius p sin 6.p sin . Then
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H(|x —y|) E](\/gbz + r2 — 2yr cos 9)
H(lx —y]) = J(J2 +r2 —2yrcosf) fory € Sgy € Sp,

and

T

Hrp)=| (x-yDdS, = f H(\/xpz + 12 = 2yr cos 9) |Sg|pdo

dBy 0

— J-EH(\/I,{}Z + r2 — 2Yrcos 9) wy_1(Wsin@)N=2d6
0

= Wy_1 Ew-z(sin B)N-ZH(J(¢ — 12— 2rp(1— cos 9))d9

2sin (g) cos (g) - H ( ‘j (1 —r)? — 4ripsin? (g)) de

— 2N—1¢N—1wN_1 J-lfN_z(l _ {2)(N—3)/2H (\/(w _ ?,-)2 - 4‘T§b§2) df,
0

T
_ N-2
= wN-lf 17

0

where we have used & = sin (g) £ = sin (g) . The change of
variable

Q= \/('P —1r)2 —4rYtle = \/(l,b —1r)?% — 4r&? then gives
Y+r

o) =m0 =Pl

N-3
- =) 7 pH(p)de. (1)
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Similarly, by the definition of H, (r,y),H, (r, ), we obtain

m/
H (rp) = wN_lf 2(1]{} sin0)N-2H (\/1,{}2 + r2 — 2yrcos B)gbdﬂ
0

xfi/z
§N-2(1 = )2 (g - )2 - 4y o

— 2N—1le—1OJN_1 J.

0

p
=0’N-123_Nﬂ__2 o (W +1)? = p*][*

N-3
— (=) pH(p)dy.

Analogously,

H (ry) = wN_lj:; (Y sin G)N‘ZH(\/I,{JZ + r2 — 2yrcos G)I,bdﬂ
2

1
= N-1yN-1g J:/E/Z EN-2(1 - g2)-3/2 (\/('JJ —r)2 - 4,?,,][,22) d¢

P _
= wN_123'NTNl_2 - (@+)*~¢llp* - (- ?’)2])¥<PH(<P) do.
Define

0, ® <0 0, ©<0
Go(p) = [2<p @ €10,1]1(p) = [290 @ €1[0,1]
(2)(2) 2 e >1, 2 @ >1,
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andfore >0 >0andt € R, € R, define

W= | #(@D+aley)l-eNay.

]RN_]'

Lemma 2 For any given small numbers 6 > 06 > 0and e > 0
e>0][3],

H (r,) < 1+ OH:(r —)H, (r,) < (1+ & He(r — )
foryp €[5, (1+62)r| ,r = (82)77,
pels@+6r|,r= e

where [ I, is given by Lemma 1.

Proof. 1. Split of He (r — ). He (r — ).

Denote

Ge(|x]) 2= H(|xD[1+ o (|x| — e~ )]

Ge(|x]) == H(|xD[1+ ¢y (x| — e71)] for x € R¥N.x € RV,
Then

oo

Hetr =) = [ ona§* 26, (V=02 +82) ds

0
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= wN—lJ- [(PZ - (llb - T)Z]Ngs(pGS((P) d.(P
[yp—r]
oo N-3
t oy fl [0t = = T gllg)dy

N-3
F oy fl o=@ =T 9@l — ) dy
p—r
=W, +W,.
2. Split of H, (r,).H, (1r,1).

By Lemma 1, we have

. i V=) 44821

H.(ry) = 0y, 28 R . (@ +1)* - 9?1l
— (-2 T gH(p)dg
G
+ wN-123_Nm ([ +1)* = ¢*][p?

N=-3
— (=17 pH(p)de =:Q; + Q5.

3. Weprove Q; < (1+8)W,.0; < (1 +6)W;.
For | — 7| < ¢ < /(r — )% + 452ry),
lY—rl << J(r —)? + 46?rp, we have

N-3
(+r? -z <] WHT =
[4rp(1-6D)]Z N =2.

Then by the definition of Q; Q; and W; W, we have , for
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= [g,(1 + 52)?‘], W e [g,(1 + 52)?‘],
" (4@)? m[
ri-2 m [h-r| Y
N-3
(=17 pH(p)dg

2

Q) < wy_ 237N

- (O [ g i) <
a- \/f_)N; Wy < (1480w,
=T (—) LW — (- 077 ph(p)dg <
a- ii W, < (1+6)W,

sine & > 06 > 0is small [10].

4. We show Q, < W,Q, < W,.

For \/(r — )2+ 482 < @ < Jr2 42
Vo =)+ 462rp < @ < \/r?2 + P2, we have

N-3
[ +n7 =g 2 < P T N=S
ry)z, N=2.

Then by the the definitions of Q,(Q, and W, W,we have, for
pelt,@+8r|pels@+s2r,
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3o _Y N i
Q2 Sy 22N == (4rp) 72
r Jr—P)2+a82ry

(- T)Z]%oi;(@ do
LI
oY)

N-3
— (W -r)I7 pH(p)dg

N N-3
< wy_12 f [p* = (W —1)*] 2 oH(p)d.

[p?

[¢?

max{|-(y28r}

By the other side,

co

W, = oy 2 [0? — (Y — 2] T pH(p) do.

max{|p-r]|e " 1+1}

Hence, Q, < W,Q, < W, provided that V26r > ¢~ + 1,
V26r = £~ + 1, namely

r>R:= ‘f/;l € (0,(8)"Y) r =R := f;;l e (0,(8¢)7Y) .

The proof is complete [9].

Proposition 2. Let HH has compact support, say

supp(H) c [0,K.|supp(H) c [0,K.] for some K, > 0,K, > 0,
and

H.H. is given by 1.9. Then there exist constants Ly > 0Ly > 0
and C > 0C > 0 such that forr = Ly, r = Ly,

|H(r,y) —H.(r— )| < Cr? wheny € [r — K.,r + K.],
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|H(r,y) =H.(r —)|=0  wheny & [r —K.,r + K.].

Proof. By using Lemma 1. and Lemma 2. we get

]]{} Y+t

o) = ona 27 5 | (@) =l
[=rl

N-3
— (W -1)*])"Z H(p)do,
o N-3
H.r— ) = oy fl 9P pH () dy

Then,

Hr,p) =H.(r —¢) = 0H(r,y) = H.(r —¢) = 0 when
|[r —y| > K,,|r —y| > K,, namely when ¢ € [r — K,,r + K.].
Y €[r—K.,r+K.].

Moreover, forr > K,r > K, and
=9 > K, AGp) = B0~ ) <o [
0T —1lpt - (- T
(p-?TF pH(p)
=l > K00 9) =BG =) <oy [y [
o7 = 1lg?= =T e
(p—1)?I'= pH(p)

R (@4n2-

0 (p)dp < -l M() [ [

S (@+n-

PH(p)dg < wy 1 HILME) [ o -

3N1]{}

M(r) := maxgep_k,r4k.)0el0k) |2

S (@)= g?) 23—1‘
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i l‘b 7]{} 2 @ 2\ 2
= MaXgper—K.r+K.],¢€[0,K.]} 2° N? (1 +?) B (_) -1

= MaX(ge[x, k,]pe[0.k.]) (1 + §) (1 + f—,,)z - (;1,,)2 T -1l=00Y

= MaX(ge[-x, k.] pe[0.k.]) (1 + §) (1 + f—r)z - (;%)2 S -1l=00Y

asr — ,r - o,

and

K. N-3
jlw 02— (-1 7 gdp

_rl

K.
J. oN2dy if N >3,
0

K. ) 1 K.\/E .
do<| de itN=2.
f|w—r|\/fp+l¢—?"|\/<p—lnb—rl Y fo JE 1

Therefore there exists C > 0C > 0 such that

H(r,p) =H.(r =) < Cr'H(r,¢p) = H.(r — ) < Cr~* for
[y —r| < K.|P—r| < K. and all large rr.

The proof is complete [5].

Lemma 4. If (H1)(H1) holds, then for any £ € (0,1),¢ € (0,1),
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(1-&)R w R ©
limJ. J-H+(r,gb)dgbdr=0$imf J. H_(r,p)dpdr =0. (4)
R 7%Jo Jr

R—oo 0

Proof.ForR > r > 0,R = r > 0, denote

xt=(r,0,..,0) € RVxL_(7,0,..,0) € RN and
Qf ={y=wn.,yn): y1>0,lyl >R}
Qf ={y=n-yn): y1>0,lyl| >R}

Therefore

fo BuCrp)dy = [, H(lxt = yDdy.

fRDO H, (r,)dy = fnﬁ H(|x} — y|])dy. For small § € (0, ¢)
6 € (0,¢) define

QS :={z= (21,23, .,2y) 2, < (1 —08)R,|z;| <AR,2<i <N}
with A := YA=U=0" (1 OFp i= 12U (1 oF
O cRY

.

Then

. Clearly,

| A= [ nQ-yhay < [t =Dy

Qg -5
Qr

N
The set —rms R can be analyzed as follows:
R
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N N
R _ U s
Qg i=1

with overlapping sets

SWi=1{z= (z,,2y,..,2y) t 2, > (1—6)Randz ER for2 <i <N}

SWi={z= (2,25, 2y) : |zj| >ARandz €R fori#j}2<i<N.

Therefore, making use of the definition of H,,H., we deduce

© N
H, (r,)dp < | H(xt = yl)dy < H(|x} - y|)d
fR +(r¢)¢<f% (I« y”“;fgw (It - y)dy

Cr

:f H.(r=)dy + 2(N - l)f H.(p)dy
(1-8)R

AR
— f H.(&)dé+2(N—-1) | H.(y)dy.
(1-8)R-7 AR
It follows that
(1-¢)R ,pw
J. f ﬁ+(r, ) dpdr
0 R

(1-8)R poo 0
H(EdE+2(N-1)(1-¢e)R | H.(W)dy.
< j L-m-r ©)de+2(N - 1)(1-¢) j )

We have, due to (H1)(H1),
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(1-8)R o
f f H.(€)dgdr
0 (

1-8)R-r

(1-e)R
< jﬂ f( IR GRLEAGE:

SJ. ¢H,(6)dé - 0asR — o,
(1-6)R

and

2(N = D)(L- )R [ H@)dp <20V = D)(1- &) 3 [ YH.(P)dy -
0asR -

2N = 1)1~ )R [ K@)y <2 =~ D1~ &)1 [17 WH.(p)dy -
0asR -

(11

Then

(1=e)R poo _
f f H, (r,y)dypdr - 0asR — .
0 R

Similarly, forR =2r > 0,R =r > 0,

xt.-(r,0,..,0) € RVx!._(r,0,..,0) € RN and
QO ={y= . yn): y1 <0,ly| >R},
Qr ={y=Qn.,yn) y1 <0,ly| >R},
we have

f B (rpdy= | H(x:—yD)dy.
R

QR
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Suppose
Q=12 =( )iz lal < = 2 <i <)
=3Z = (Z1,Z9,,2ZN) P 21 2 ———,|Zi| ES—= ,4 1= Ny
R S W) A N
Hence
]RN N o
.Q.E C~—=U SU)
Qr j=1
with

S .= {z = (21,29, 0, 2Zy) ¢ 27 < — ,Zz; €R fori# 1}

R
2\/N

i R
50)::{2: (2,2, 0y Zy) ¢ |zj|2—andziE]}R fori;tj]ZSiSN.

2VN

Moreover

o N
j — 1_ 1_
J, Beway=| st S;Z J izt -hay

R

< [ -y

0= [ B[, HO
m mﬁl‘

F2N-1) f H.p)dy.
2T
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It 1s follows that

[ [ B p)dpdr < [ IR CH.(§)dédr +2(N - 1)an H.(p)dyp <
I_ EH.(§)dE +4(N - 1«F fin*(w)dMast

H A_(r,)dydr < [} IR (H.(§)dgdr +2(N - 1)RIRH(w)dw<
IW,,fH,(f)de(N 1«/‘ f%ﬁbH*(kb)dw%OasR—)oo

[6].

Lemma 5. If (H1)(H1) holds, then

hmf f H(r, i,b)di,bdr—J;] @H,.(@)de.

Proof. We complete the proof in two steps.

R ,o0 o0
limsup [ | AGpdvdr< | oH.(p)do. (5)
-® 0 /R 0
By Lemma 4, for any small £, > 0g; > 0,
hm sup J- f H(r,p)dpdr = hm sup f f H, (r,)dypdr,
(1-£)RVR

and

o0 (1+&)7'R (o
lim sup f J. 0, (r,)dpdr < lim J. f 0. (r, ) dydr
Roo (1-&)R Y (1+&)R R=c0 Jg R
=0.

©2025100u03-- a0 1447010-6jall saloa- ggeu yydllguabiudl 2nell-digisugy JMM-,D}LE."&J;D a




On Some Basic Facts on Associated Functions and The Kernel Functions

Therefore

R ~o0
I%im sup J. J. H(r,y)dydr
—00 0

R—oo

(1+&,)R
= lim SUpJ. f A (r,Y)dydr. (6)
(1-&)RYR

By Lemma 2, for any small § > 06 > 0 and £ > 0,6 > 0, we
have

H.(r ) < (14 8)).(r =) forp € |, (1 + 8|

A () < 1+ 8).(r =) forp € |5, (1+ 62)r| amd
r=>(6e) L. (Dr = (8e)7 L. (7)

Therefore if ; > 0&; > 0 is sufficiently small, then (7)(7) holds
when

(I1-g)R<r<R<yp<(1+¢)R
(1-e)R<r<R<yp<(1+e)Rand R = 2(6e)
R =2(6s)"1[2]

we obtain

R (1+&)R (1+&,)R
J. f H L(rp)ddr <(1+ 6)J. J. H. (r —)dypdr .
(1-&)RYR

(1-£)RVR
From (3)(3) we have
He(0) = H.(0) + §:(0)H:(0) = H.(0) + &:(0) with

§:(0) = [on H|(|Cy ) (| ()] — €71)]ay”.
&) = [on H[(|(@y)]) (| (0] — €71)]dy”.

“ 020255 10.u133--0 1447 12y-5ATll 53l - og2dligualull ::aJl-é,;g.i.mgg&n.‘u.o&pJ.c-pjléJl&l;n




Dr.Isam Eldin Ishag Idris -A.Mohamed Osman Mohamed Adam

Clearly

0

R (1+£1)R E]_R
J. f H.(r —)dpdr = J. H.(r —y)dydr
(1-¢,)R /R 0

-&R

0 00 0
< f f H.(r = y)dypdr = f oH.(p)dgp.
- 0
It 1s follows that

R (14+€)R _
f f A p)dpdr <(1
(1-¢)R /R

R

0 (1+&)R
+0) l fo QH.(p)dop + fR e (r =) dipdr

(1-¢1)R
Moreover, using €1 = %5R£‘1 = %51’1’ and
§:(s) < 2H,.(s),éi(s)=0fors < 71,

§:(s) < 2H,.(s),¢é.(s) = 0 for s < €71, we obtain

R (14&)R
f f (- p)dpdr
(1-¢,)R /R

0 &R
[ [ - vapar
-&,RY0

0 &R-1 0
< 2-[ f H.(s)dsdr < 2R j H.(s)ds

_ElR g1 %6}2
< 4815‘1f sH.(s)ds = 0 asR - oo.

e
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We thus get

R—oo

R (1+€1)R o
lim supf f H (r,)dpdr <(1+ 6)[ oH.(p)do.
(1-¢)RJR 0

Since § > 08 > 0 can be arbitrarily small, (5)(5) now follows
(6).(6).
Step 2. We show that

R po0 00
lim inf f f H(r,p)dydr > f @H.(p)de.
R—c0 o /r 0

The proof of the Lemma will be finishes [7].

From the definition of A (r,Y)H (r, ) and H.,, H., for
R=zr>0R=2r>0,

Io's) R
f A (r, )dy f H(jx! — y)dy = f H(r—p)dy,  (8)
R Hg 0

where

xl:= (r,0,..,0) e RV, Hp :
={y =0y -y v >Ry €Rfor2<i <N}

Therefore
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R ~
lim inf H(r,)dpdr
R—oo 0 Jr

R ~
> lim J. J. (r —yH.,)dydr
k=00 Jo Jp
R 0

= lim f oH.(p)dg = f ¢H.(p)do.
0 0

The proof is now complete[11] .

Theorem 6. Assume (H)(H) holds. Then the following
statements are equivalent :
(i (H1)(H1) holds, namely IODO rNH(r)dr < oo,
fow rNH(r) dr < oo,
J, H.(@)ede < . " H.(0)edo < o.
(iii) limR—)Do sup J-OR J-R+DO H(rl lp)dlpdr < o
. R 00 o~
limp_q, sup J fR+ H(r,P)dpdr < o

o s N=1 _
limp_ o, sup fOR fR+ (%) H(r,Y)dydr < co.

(ii)

(iv)

o s N=1 _
limp_ o, sup fOR fR+ (%) H(r,Y)dypdr < co.

Moreover, when (H1)(H1) holds, we have
f H.(0)odo
° R p+o
= lim J. J. H(r,Y)dypdr
R—oo 0 JR

= lim J: J:w(%)}v_lﬁ(?’, p)dipdr.

R—-w
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Proof. By

oo _ WN_q [ N
J, H.-(@)odo = 2= [ H(r)rVdr

fooo H.(0)odo = % J’ODO H(r) rNdr and Lemma 5 we see
that

(H1)(H1) holds, & fow H,(0)odp < o,

& ["H.(0)edo < »,

(H1)(H1) holds, = limg ., [[* [ H(r,p)dipdr < oo,
= limg_, fOR f;mﬁ(r, Y)dypdr < o,

and if (H1)(H1) holds, then

[ H.ede = pim [ [ Heppapar ©)

0 0o JRr

To finish the proof of Theorem 6, it remains to prove that
(H1)(H1) holds,

& limp_, o, Sup fOR f;m H(r,p)dypdr < oo, (10)
& limp_, o, SUp IOR f;m H(r, ) dpdr < o, (10)
(H1)(H1) holds,

& limg_,, sup IOR (;) f (r, ¥)dypdr. (11)
& limg_, o, sup fOR (;) f (r, ) dydr. (11)

and
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R, N-1 p+® o0
im [ (5) | Aedpdr= | Hidede (2
R 0

R—oo 0

if (H1)(H1) holds.

We now prove these in three steps.
Step 1. We prove (10)(10).

By (8)(8) and change of order of integration
R po0 0 0 co

[ [ Aepaparz [ | b6 -wdpr2 [ o @ede,
0 /R -rJ0 0

which yields [1]

R poo oo
o > }%im supf f H(r, P)dydr = f oH.(0)eodo .

Hence, due to (11)(11), (10)(10) holds.
Step 2. We prove (11).(11).

If (H1)(H1) holds then
. R . N-1 p+®
1%1_1)1[}0 sup J;] (E) L H(r,p)dydr
R p+o
< %im SupJ. J. H(r,p)dpdr < . (13)
On the other hand, if

R, N-1 p+® _
lim sup f — f H(r,Y)dydr < o,
@,

R—oo
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then by (8)(8),

R R

R N-1 pt®

o > lim sup J;? (—) J. H(r,)ddr
> R
)

R (4o
> lim supZ‘(N‘DJ. f H,(r —y)dydr
R-o0 g R

R-o

R
-5 +00
= lim supZ‘(N‘l)J. J. H.(r=y)dydr
o Jr
R

R—oo

2
> lim supZ'(N'DJ. of.(0)do.
0

Hence(11)(11) holds [8].
Step 3. We finally prove (12)(12).

For any given € > 0,e > 0, we have

Rop\N-1 %@ R N-1 @
J;](%) L iy = J;l—E)R(%) L H(r,p)dydr

R +o
> (1-¢)¥! f H(r,p)dydr.
(1-e)RVR
By (8)(8)
ool B w)dpdr 2[5 [H. = W)dpdr = [ [ LG -
P)diper > [ oH.(0)do
J-é_g)R J-R+DO H(?", 'P)dll}d?’ 2 J-(}i—s)R IRDO H,(r- w)dl!}d?‘ = J.i]ER J-ODO H.(r -
P)dipdr > [ oH.(o)do
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Letting R = o,R = o0, we obtain

oo

R, N-1 p+®
lim inf — Hr,p)dydr > (1—¢)N-1 H.(o)do.
im in (R) L (r,P)dpdr > (1-¢) J;] oH.(o)do

R—oo 0
Then by the arbitrariness of € > 0,6 > 0, we

R, N-1 p+® _ o
lim inf (—) f H(r,Y)dypdr = J- oH.(o)do.
R R 0

R—oo 0
Combining this with (9)(9) and (13)(13) gives

lim inf ’ (%)N_l J:mﬁ (r,)dydr = J:OQH*(Q) do.

R—oo 0
The proof is now complete [5] .
Conclusion :

Finally we prove some useful facts about the kernel function HH
and the associated functions HH and H. H., which pave the way

for further analysis of
h(o)
u(t,r) = dJ. H(r,p)ult,)dyp — du(t, ) + f(t,r,u),t > 0,r € [O,h(t)),
0
u(t,h(t)) =0, t>0,
{ , i h(t) to Vot
V0= s fﬂ L o £>0,
h(0)hg, u(0,r) = uy(r), r € [0,hy].
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